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Lecture 24:  Thu Nov 5, 2020

Reminder: 

• Homework 10 due tonight

• Quiz 2: One week from today

Lecture

• Solving differential equations using Laplace

• initial and final value theorem
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Quiz 2

Coverage:

• lectures 10 – 23

• homeworks 6 – 10

• Chapters 7 – 10 
of 3084 PDF book

• Chapters 4, 11 & 12 
of 2026 SP1st (1st Ed)

• Youtube module 18 (lec 15) 
through module 33 (lec 31)
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Coverage from 3084 PDF
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Coverage from SP First

1st Ed
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Coverage from Youtube

Modules 18 - 33:
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 Table 1: Pairs
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Table 2: Properties

–tx( t )
d
ds
------X( s )s-domain differentiation
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Differentiation  

L{ x( t )} =d
dt
-----
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Differentiation  

L{ x( t )} =  sX( s )?

Substitute s = j from FT:
d
dt
-----
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Differentiation  

 

L{ x( t )} =  sX( s )?

Substitute s = j from FT:
d
dt
-----
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Differentiation

L{ x( t )} =
Z

0–

∞
 x( t )e–stdt 

= uv –  
Z
 vdu 

= x( t )e–st|
0

∞
+ s

Z
0–

∞
x( t )e–stdt 

= – x( 0 ) + sX( s )

L{ x( t )} =  sX( s )?

Substitute s = j from FT:
d
dt
-----

d
dt
----- d

dt
-----

udv
(INTEGRATE BY PARTS)

 x( t )e–st|
t=∞

0
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Differentiation

L{ x( t )} =
Z

0–

∞
 x( t )e–stdt 

= uv –  
Z
 vdu 

= x( t )e–st|
0

∞
+ s

Z
0–

∞
x( t )e–stdt 

= – x( 0 ) + sX( s )

L{ x( t )} =  sX( s ) – x( 0 )d
dt
-----

d
dt
----- d

dt
-----

udv
(INTEGRATE BY PARTS)

 x( t )e–st|
t=∞

0
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Pop Quiz

If X( s ) = , find initial value x( 0 ) and final value x(∞ ):3s 12–
s2 2s+
-------------------

1 2 3
0

x( 0 ) = 

x(∞ ) = 

t
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Initial & Final-Value Theorems*

0 t

x(∞)

x( t )

FVT:

x(∞) = lims→0sX( s )

IVT:

x(0 ) = lims→∞sX( s )

x( 0 )

sX( s ) = x( 0 ) +  x( t )e–stdt ...d
dt
-----

0

∞
Why? Because

*when limits exist
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Pop Quiz

What is x(∞ ) when X( s ) = ?
1

s2 1+
---------------
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Solving Differential Equations
Consider a system defined by:

 

with .

(a) Is the system LTI?

(b) Is the system stable?

(c) Find the “zero-input response:” i.e., find y( t ) when x( t ) = 0.

(c) Find the “step response:” i.e., find y( t ) when x( t ) = u( t ).

d2

dt
2-------- y( t ) + y( t ) + 1.25y( t ) = x( t ) +  x( t ), d

dt
----- d

dt
-----

 initial conditions y( 0 ) = 6, 
.
y( 0 ) = –3
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Solution 
Take Laplace transform of both sides of diff-eq:

⇒ Q( s )Y( s ) – Pinit( s ) = P( s )X( s )

⇒ Y( s ) =  + H( s )X( s )

where H( s ) =  = 

Pinit(s)

Q(s)
------------------

zero-input zero-state
response response

½ ½
P(s)
Q(s)
-------------
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Zero-Input Response? 
Step Response?
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Solution (c)
Write Y( s ) =
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5 Ways to Specify an LTI System

1. impulse response h( t )

2. differential equation, e.g. y( t ) = x( t ) + 3x(t – 1)

3. frequency response H(j)

4. system transfer function H( s )

5. pole-zero plot

Key skill (e.g. homeworks and exams): translate from any one to any other

x( t ) y( t )

d
dt
-----
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 Pop Quiz

• Find H( s )

• Sketch pole-zero plot

• Sketch |H(j)| using geometry of pole-zero plot

0 t

Let h( t ) = ( t ) – 2e–t:
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Pop Quiz

Find x( t ) when X( s ) =  

 

3s 6+

s2 4s 29+ +
--------------------------------
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Pop Quiz

Find x( t ) when X( s ) =  

 

 

>> roots([1 4 29])

ans =

  -2 + 5i

  -2 - 5i

3s 6+

s2 4s 29+ +
--------------------------------
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Pop Quiz

Find x( t ) when: X( s ) =  

1. Brute force: X( s ) =  +  ...

2. Easier to complete square:

X( s ) =  = 3

 

>> roots([1 4 29])

ans =

  -2 + 5i

  -2 - 5i

3s 6+

s2 4s 29+ +
--------------------------------

A
s 2 5j–+
------------------------ B

s 2 5j+ +
------------------------

3s 6+

s2 4s 29+ +
-------------------------------- (s 2)+

(s 2)+ 2 52+
----------------------------------

1 2 3

3

t

⇒ x( t ) = 3e–2tcos(5t)u( t ):
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Coming Next:

2nd-Order Systems


