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Lecture 23:  Tue Nov 3, 2020

Reminder: 

• Homework 10 due Thursday

Lecture

• inverse Laplace via PFE

• Translating between equivalent representations: 

 pole-zero plot

 impulse response

 frequency response

 transfer function
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Quiz 2
in 9 Days

Coverage:

• lectures 10 – 23

• homeworks 6 – 10

• Chapters 7 – 10 
of 3084 PDF book

• Chapters 4, 11 & 12 
of 2026 SP1st (1st Ed)

• Youtube module 18 (lec 15) 
through module 33 (lec 31)
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Coverage from 3084 PDF
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Coverage from SP First

1st Ed
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Coverage from Youtube

Modules 18 - 33:
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 Table 1: Pairs
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Table 2: Properties

–tx( t )
d
ds
------X( s )s-domain differentiation
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Pop Quiz

h( t ) = sin( t )u( t ) ↔ Pole-zero plot?

0 t 

...
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Pop Quiz

h( t ) = e–0.1tsin( t )u( t ) ↔ Pole-zero plot?

0 t 
...

H( s )?

Magnitude response |H(j)|?
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Re{s}
Im

{s}

|H( s )|

|H(j)|

Re{s}

Im{s}
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What Kind of Filter is This?
H( s ) = s2 1+

s2 0.2s 1.01+ +
------------------------------------------
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What Kind of Filter is This?

Re{s}

Im{s}

s2 1+

s2 0.2s 1.01+ +
------------------------------------------H( s ) = 

j

–j

–0.1 + j

–0.1 – j
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What Kind of Filter is This?

Re{s}

Im{s}

H( s ) = 

j

–j

–0.1 + j

–0.1 – j -1 0 1

1

|H(j)|



⇒ “notch” filter

s2 1+

s2 0.2s 1.01+ +
------------------------------------------
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|H( s )|
|H(j)|

Re{s}

Im{s}
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From Pole-Zero Plot to h( t )

Find h( t ).

Re{s}

Im{s}

–2 4
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From Pole-Zero Plot to h( t )

Find h( t ).

H( s ) =  ... How to take inverse Laplace transform?

 

Re{s}

Im{s}

–2 4

s 4–
s(s 2)+
----------------------
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Inverse Laplace Transform

Contour integral not needed for rational X( s ) = ; 

Instead, use PFE and tables.

Assume orderP( s ) < N = orderQ( s ). 
(If not, do polynomial division and apply PFE only to remainder.)

Case 1: All poles distinct:

X( s ) =  =  +  + ... + + 

Use “residue” or “clear denom” strategy to find coefficients.

P(s)
Q(s)
-------------

P(s)
Q(s)
-------------

A1

s p1–
--------------

A2

s p2–
--------------

AN

s pN–
---------------
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From Pole-Zero Plot to h( t )

Find h( t ).

H( s ) =  =  PARTIAL FRACTION EXPANSION:

• clear denominator ⇒ s – 4 = A(s + 2) + Bs 

• equate powers of s0 ⇒ A = –2

• equate powers of s1 ⇒ A + B = 1 ⇒ B = 3

• Laplace pairs table ⇒ h( t ) = –2u( t ) + 3e–2tu( t ).

Re{s}

Im{s}

–2 4

s 4–
s(s 2)+
---------------------- A

s
---- B

s 2+
-------------+

>> [r, p] = residue([1 -4],[1 2 0])

r =

     3

    -2

p =

    -2

    0
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Another Residue Example
ordernum < orderden, no repeated roots:

X( s ) = 

=  +  +  +  

where:

A = (s + 1)X( s )|
s = –1 = 

|
s =–1 = 

B = (s + 2)X( s )|
s = –2 = |

s = –2 = –6

C = (s + 3)X( s )|
s = –3 = |

s = –3 = 3

D = (s+5)X( s )|
s = –5 = |

s = –4 = 

(s 5+ )(s 6+ )
(s 1+ )(s 2+ )(s 3+ )(s 4+ )
----------------------------------------------------------------------------

A
s 1+
------------- B

s 2+
------------- C

s 3+
------------- D

s 4+
-------------

(s 5+ )(s 6+ )
(s 1+ )(s 2+ )(s 3+ )(s 4+ )
---------------------------------------------------------------------------- 20

6
------

(s 5+ )(s 6+ )
(s 1+ )(s 2+ )(s 3+ )(s 4+ )
----------------------------------------------------------------------------

(s 5+ )(s 6+ )
(s 1+ )(s 2+ )(s 3+ )(s 4+ )
----------------------------------------------------------------------------

(s 5+ )(s 6+ )
(s 1+ )(s 2+ )(s 3+ )(s 4+ )
---------------------------------------------------------------------------- 1–

 3
------
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Pop Quiz

Find x( t ) when X( s ) =  

 

1

s2 s 1+ +
--------------------------
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Pop Quiz

Find x( t ) when X( s ) =  

=  

 =  +  (PFE)

From table

⇒ x( t ) = ...

There is an easier way!

 
>> roots([1 1 1])

ans =

  -0.5 + 0.8660i

  -0.5 - 0.8660i

1

s2 s 1+ +
--------------------------

1

s 0.5 3
2

-------j–+  s 0.5 3
2

-------j+ + 
---------------------------------------------------------------------------

j–
3

-------

s 0.5 3
2

-------j–+
--------------------------------

j

3
-------

s 0.5 3
2

-------j+ +
---------------------------------
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There is an Easier Way!
1. Complete the square:

⇒ X( s ) =  = . 

2. Use modulation property. 
(Or just use table 2, it’s already there!)

Either way, rewrite X( s ) =  = 

⇒ x( t ) = e–0.5tcos( t)u( t ) 

= e–0.5tcos( t)u( t ) 

1

s2 s 1+ +
-------------------------- 1

(s 0.5)+ 2 0.75+
--------------------------------------------

1

(s 0.5)+ 2 0.75+
-------------------------------------------- 1

0

------ 0

(s 0.5)+ 2 0
2

+
------------------------------------------

1
0

------

2

3
------- 3

2
-------


