Lecture 23: Tue Nov 3, 2020

Reminder:

« Homework 10 due Thursday

Lecture

 inverse Laplace via PFE

 Translating between equivalent representations:
> pole-zero plot
> impulse response
> frequency response

> transfer function
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Table 1: Pairs

Impulse a(t) 1
Delayed Impulse ot —to), to>0 g~ st0
1
Step u(t) —
1 _ (--_"T
Rectangular Pulse u(t) —u(t—=T), T >0 _
1
Ramp tu(t) 2
, i k!
Polynomial t"u(t), k>0 pas
: ot 1
Exponential e~ u(t)
s+ a
bt k!
2 1¢ X ] &
Polynomial x Exponential the T u(t) G T a)FHt
Cosine cos(wot)u(t , i
( ) ( ) Hg _|_w'§
Sine sin(wot )u(t) 3 j;owz
E tial x Cosi ~at cos(wot u(?) S
xponentia Josine e~ cos(wpt)u
I 0 (H -+ “}2 + i".:.f%
W

Exponential x Sine

e~ sin(wot )u(t)
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Table 2: Properties

Linearity

T (T) + Bxo (T)

aXy (s) + BXo(s )

Right-Shift

x(t —tg), to >0

e~ st X(s)

Time Scaling

x(at), a >0

Ly ()
a 04

d __
First Derivative a(t) = %;r(t) sX(s)—x(0)
7t
' . __ __
Second Derivative r(t) = #;IT(T.) s?X (s) — sz(0) — i(0)
712
7 P
X(s
Integration x(T)dr (5)
J0 S
Modulation r(t)e™ X(s—a)
Convolution x(t) * h(t) X(s)H(s)
Final Value Theorem | lim x(#), (if limit exists) lim s X (s)
t—r00 5s—0
Initial Value Theorem | lim z(#), (if limit exists) lim sX(s)
t—0 S—r 00

s-domain differentiation

—tx(t)

d
—X(s) J




Pop Quiz

<—>
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Pole-zero plot?



Pop Quiz

h(t) = e Msin(t)u(t) <—> Pole-zero plot?

H(s)?
J Magnitude response | H(jm)|?
0 l w vV ™ t
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What Kind of Filter is This?

s2+1
s2+0.2s + 1.01

H(s) =



What Kind of Filter is This?

s2+1

H(s) =
s2+0.2s + 1.01
Im<s
(s}
X0
-0.1 4+ 3 17
Re{s}
—-0.1 —y —1
X0

11



What Kind of Filter is This?

s2+1
s2+0.2s + 1.01

H(s) =

Im{s} ‘H(](D)‘

X0

I A\

Re{s} ”

—0.1-j —j A0

X0 —> “notch” filter

12
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From Pole-Zero Plot to h(t)

Im{s}

X X O Re{s}

Find h(t).



From Pole-Zero Plot to h(t)

Im{s}

% X O Re{s}

s—4
s(s+2)

... How to take inverse Laplace transform?

15



Inverse Laplace Transform

Contour integral not needed for rational X(s) = g(ﬁs%;
Instead, use PFE and tables.

Assume orderP(s) < N = order@( s).
(If not, do polynomial division and apply PFE only to remainder.)

Case 1: All poles distinct:

(s) A A
X(s)=B& o Ay Ay oy ON
Q(S) S$—D, S—DP, S—Pn

Use “residue” or “clear denom™ strategy to find coefficients.

16



From Pole-Zero Plot to h(t)

Im{s}
% % O Re{s}
Find h(1).
H(s)= =2 _ A, _B  PpaARTIAL FRACTION EXPANSION:

- s(s+2) s s+ 2

e clear denominator = s —4 = A(S —+ 2) + Bs >> [r, p] = residue([1 -4].[1 2 0]

equate powers of s = A= -2

equate powersof s' = A + B=1= B =3

Laplace pairs table = h(t) = —2u(t) + 3¢ 2u(t). »-

17



Another Residue Example

order,,,, < ordery.,, no repeated roots:

X6) = rHe T e
:sf1+852+853+sf4
where
A= (s +1)X(s)l,_ (H1x§§13§§§1§§<s+4>‘8=—1:%
B=<S+2>X<S>‘s:—z=<s+1>f§j?§gi§§<s+4>’s:—z——6
C=(s+ 39Xl - 5= (8+1)§§i§§ff+3§(3+4>13_3—3
D = (s+5)X(s)], _ 5= <s+1>§§13§§21§3w = 4)’3—4:__?1’

18



Pop Quiz

1
s2+s+1

Find z(t) when X(s) =

19



Pop Quiz

Find z(t) when X(s)

From table

= x(t) = ...

There 1s an easier way!

1

s2+s+1

1

>> roots([1 1 1]

ans =

(5+ 0.5 L5)(s + 0.5 + %5)

20

-0.5 + 0.8660i
-0.5 - 0.8660i1
J
3 —  (PFE)
s+ 0.5+ 73]'



There is an Easier Way!

1. Complete the square:

= X(s) = L = L

s2+s+1  (s+0.5)2+0.75

2. Use modulation property.
(Or just use table 2, it’s already there!)

1

Either way, rewrite X(s) =

— (1) = — e Ftcos(ay tu(t)

Wy

J3

_ 2.0 E”fc:os(

7 t)u(t)

21

Wy

(s +0.572 +0.75

@ (s + 0.5)* +



