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Lecture 10:  Thu Sep 17, 2020

Reminder: 

• HW4 due tonight.

• Coming soon: Quiz 1 is two weeks from today.

Lecture

• review Fourier series

• introduce Fourier transform
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Reading Assignment

NEXT

TODAY
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2025 Reading

TODAYLAST WEEK

NEXT
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Periodic Signals
A periodic signal satisfies x( t ) = x(t + T) for all t.

The smallest nonzero T that works is the fundamental period.

Key fact from 2026: 

Any (!) periodic signal can be written as a sum of sinusoids:

x( t) =
∞X
k=–∞ake

jk2t/T  “FS synthesis”

with harmonically related frequencies, whose amplitudes and phases are 
determined by the Fourier series coefficients:

ak =

Z
T
x( t )e–jk2t/Tdt “FS analysis”1

T
---

Any interval of length T,
e.g. [0, T ),  [–T/2, T/2),  etc.
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Implications of Even or Odd

ak =

Z
T
x( t )e–jk2t/Tdt

• If x( t ) is even, then ak are ...

• If x( t ) is odd, ak are ...

1
T
---
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Implications of Even or Odd

ak =

Z
T
x( t )e–jk2t/Tdt

• If x( t ) is even, then ak are ...

• If x( t ) is odd, ak are ...

1
T
---

 = 
Z
T

x( t )(cos(k2t/T) – jsin(k2t/T))dt1
T
---
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Implications of Even or Odd

ak =

Z
T
x( t )e–jk2t/Tdt

• If x( t ) is even, then ak are real and even.

• If x( t ) is odd, ak are purely imaginary. 
E.g., consider FS for sin(200t).

1
T
---

 = 
Z
T

x( t )(cos(k2t/T) – jsin(k2t/T))dt1
T
---
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Filtering a Periodic Signal

Pop Quiz (True or False):

(a) Output is always periodic.

(b) Output fundamental period is the same.

x( t) =
∞X
k=–∞ake

jk2t/T  

LTI
y( t) = ?
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Filtering a Periodic Signal

Pop Quiz (True or False):

(a) Output is always periodic.

(b) Output fundamental period is the same.

Consider cos(80Hz)+cos(90Hz) after LPF(85 Hz).)

x( t) =
∞X
k=–∞ake

jk2t/T  

LTI
y( t) =

∞X
k=–∞akH(jk2/T)e jk2t/T

=
∞X
k=–∞bke

jk2t/T
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More Fun FS Facts
• Linearity: When both have same period, FS coeffs of x( t ) + y( t ) 

are generally ak + bk

(Caveat: unless period changes! 
e.g., x( t ) = 10 Hz + 20 Hz, y( t ) = –10 Hz + 40 Hz)

• Filter by h( t ) ⇒ multiply ak by H(jk2/T)

• Delay by t0 ⇒ multiply ak by e–jk2t0/T

• Differentiate ⇒ multiply ak by jk2/T

• (Parseval’s relationship): The power of a periodic signal is:

P  = 
Z
T
x2( t )dt = 

∞X
k=–∞|ak|21

T
---
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Parseval’s Relationship
The power of a periodic signal is:R

T
x2( t )dt = 

∞X
k=–∞|ak|21

T
---
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Example: Pulse Train

What are Fourier series coeffs?

0 T t

......

2T 3T

x( t )
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MATLAB Demo

t = -1.5:1e-4:1.5;
for N = [1 2 3 5 10 100 1e3 1e4],

x = 0;
for k=1:N, x = x + cos(2*pi*k*t); end; 
plot(t,x);
title(['sum of N = ',num2str(N),' sinusoids']);
input('Hit return to continue ','s');

end

sum of N = 10 sinusoids

t1–1
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Example 1: Duty-Cycle = T

Prediction: x( t ) is even ⇒ ak is ...

1

0
T

t

/2–/2

x( t )
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Example 1: Duty-Cycle = T

Prediction: x( t ) is even ⇒ ak purely real.

Compute a0 separately: a0 = 

1

0
T

t

/2–/2

x( t )
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Example 1: Duty-Cycle = T

Prediction: x( t ) is even ⇒ ak purely real.

Compute a0 separately: a0 =  

Compute the rest (for k 6= 0):

ak =
R

–/2

/2
e–jk2t/Tdt =  = 

= sinc(k ).

1

0
T

t

/2–/2

x( t )


T
---

1
T
--- e jk2t/– T

jk2–
---------------------

/– 2

/2
k/T sin
k

------------------------------


T
--- 

T
---
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Example 1: 30% Duty Cycle

-1

1

0 t

t = -1.5:1e-4:1.5;
duty = 0.3;
for N = [1 2 3 5 10 100 1e3 1e4],

x = 0;
for k=-N:N,

ak = 0.3*sinc(0.3*k);
x = x + ak*exp(2i*pi*k*t); 

end; 
plot(t,x);
title(['sum of N = ',num2str(N),' sinusoids']);
input('Hit return to continue ','s');

end

1
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Example 2: 50% duty cycle, No DC

f( t ) = x( t ) – 1/2

⇒ only a0 changes:

⇒ f( t ) = 
X

k 6=0ake
jk2t/T

1/2

–1/2
0

T
t

f( t )
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Example 3: SAWTOOTH

Prediction: s( t ) is odd ⇒ its FS coeffs ck will be ...

T/8

–T/8

0
T t

s( t )
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Example 3: SAWTOOTH

Prediction: s( t ) is odd ⇒ its FS coeffs ck will be purely imaginary

Let bk be FS coeffs of f( t ) (previous page)

Previous signal is derivative of this one!

⇒ f( t ) = s( t ) 

⇒ bk = (jk2/T )ck

⇒ ck =  =  =  for k 6= 0, c0 = 0

T/8

–T/8

0
T t

s( t )

d
dt
-----

               
   

----------------------
bk

jk2/T
               

                    
------------------------------

jk2  
sinc(k/T)                    

   
----------------------------
j2(k)2/T
sin(k/T)
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Gibbs Phenom

If periodic x( t ) has discontinuities, the  approx ake
jk2t/T

exhibits ringing and overshoot at discontinuity:

• height of overshoot stays at about 9%, regardless of N

• width of ringing diminishes as N increases

finite  
NX
k=–N

0.1 0.2 0.3 0.4
0

1

t

N = 10 N = 50

N = 500

≈ 9%

50% DUTY CYCLE
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Recall: Sinusoid-In, Sinusoid Out

Where

H(j) = h( t )e –jtdt  “frequency response”

What’s different now?

 apply this integral to any signal, not just impulse response:

X(j) = x( t )e –jtdt  “Fourier transform” of signal x( t )

 analogous to DTFT from 2026. Only difference: here CT, not DT.

x( t ) = ej0t y ( t ) = H(j0)e
j0t

LTI

–





–






