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PROBLEM 1:  
Consider the system below of C-to-D/D-to-C converters and two ideal LTI systems connected for all parts below. 

 
• 𝐻𝐻1(𝑒𝑒𝑗𝑗𝜔𝜔� ) = (4 + 4 cos(9𝜔𝜔�))𝑒𝑒−𝑗𝑗12𝜔𝜔�  

• 𝐻𝐻2�𝑒𝑒𝑗𝑗𝜔𝜔� � = �
0 0 < |𝜔𝜔�| < 0.6𝜋𝜋

3𝑒𝑒−𝑗𝑗5𝜔𝜔� 0.6𝜋𝜋 ≤ |𝜔𝜔�| ≤ 𝜋𝜋
  

(a) Find the difference equation relating 𝑥𝑥[𝑛𝑛] to 𝑤𝑤[𝑛𝑛] through system 𝐻𝐻1(𝑒𝑒𝑗𝑗𝜔𝜔� ). (5 points) 
 
 
 
 
 

 
(b) Considering only system 𝐻𝐻1(𝑒𝑒𝑗𝑗𝜔𝜔� ), assume that an input of 𝑥𝑥[𝑛𝑛] = 2 + 4 cos(𝜔𝜔�0𝑛𝑛) resulted in an output of 

𝑤𝑤[𝑛𝑛] = 2𝐴𝐴.  Find the largest value for 𝜔𝜔�0 in the range 𝟎𝟎 < 𝝎𝝎�𝟎𝟎 ≤
𝝅𝝅
𝟐𝟐

 that would make this true and find the 
value for 𝐴𝐴 > 0. (5 points) 

 
 
 
 
 
 
 
 
 
 
(c) Let 𝑥𝑥(𝑡𝑡) = 5 + 6 cos(300𝜋𝜋𝜋𝜋) + 2 cos(700𝜋𝜋𝜋𝜋) + 9 cos(1800𝜋𝜋𝜋𝜋) and 𝑓𝑓𝑠𝑠 =1000 Hz, find 𝑦𝑦(𝑡𝑡). (10 points) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Difference equation relating 𝑥𝑥[𝑛𝑛] to 𝑤𝑤[𝑛𝑛]: 
 
 
 
 

𝑦𝑦(𝑡𝑡) =     
 
 
 
 

𝐻𝐻1�𝑒𝑒𝑗𝑗𝜔𝜔� � = (4 + 4 cos(9𝜔𝜔�))𝑒𝑒−𝑗𝑗12𝜔𝜔� → 2𝑒𝑒−𝑗𝑗3𝜔𝜔� + 4𝑒𝑒−𝑗𝑗12𝜔𝜔� + 2𝑒𝑒−𝑗𝑗21𝜔𝜔�  
ℎ[𝑛𝑛] = 2𝛿𝛿[𝑛𝑛 − 3] + 4𝛿𝛿[𝑛𝑛 − 12] + 2𝛿𝛿[𝑛𝑛 − 21] 
𝑤𝑤[𝑛𝑛] = 2𝑥𝑥[𝑛𝑛 − 3] + 4𝑥𝑥[𝑛𝑛 − 12] + 2𝑥𝑥[𝑛𝑛 − 21] 

 
 
 
 
 

The input/output suggests that 𝐻𝐻1�𝑒𝑒𝑗𝑗𝜔𝜔�0� = 0 and 𝐻𝐻1�𝑒𝑒𝑗𝑗0� = 𝐴𝐴 

𝐻𝐻1�𝑒𝑒𝑗𝑗𝜔𝜔�0� = 4 + 4 cos(9𝜔𝜔�0) = 0 @𝜔𝜔�0 =
𝜋𝜋
9
𝑘𝑘,𝑘𝑘 = 1,3,5,7,9 

For the condition that the largest value be in the range 0 < 𝜔𝜔�0 ≤
𝜋𝜋
2
→ 𝜔𝜔�0 = 𝜋𝜋

3
 

𝐻𝐻1�𝑒𝑒𝑗𝑗0� = (4 + 4 cos(9(0))) = 4 + 4 = 8 = 𝐴𝐴 
 
 
 
 
𝜔𝜔�0 = 𝐴𝐴 = 

𝑥𝑥[𝑛𝑛] = 5 + 6 cos(0.3𝜋𝜋𝜋𝜋) + 2 cos(0.7𝜋𝜋𝜋𝜋) + 9 cos(1.8𝜋𝜋𝜋𝜋) → 5 + 6 cos(0.3𝜋𝜋𝜋𝜋) + 2 cos(0.7𝜋𝜋𝜋𝜋) + 9 cos(0.2𝜋𝜋𝜋𝜋) 
 𝐻𝐻2�𝑒𝑒𝑗𝑗𝜔𝜔� � = 0 for all 𝜔𝜔� < 0.6𝜋𝜋 so the only remaining component for consideration will be:  

𝑥𝑥[𝑛𝑛] = 2 cos(0.7𝜋𝜋𝜋𝜋) 
𝐻𝐻1�𝑒𝑒𝑗𝑗(0.7𝜋𝜋)� = (4 + 4 cos(9 ∗ 0.7𝜋𝜋))𝑒𝑒−𝑗𝑗12(0.7𝜋𝜋) = 6.3511𝑒𝑒−𝑗𝑗0.4𝜋𝜋 

𝐻𝐻2�𝑒𝑒𝑗𝑗(0.7𝜋𝜋)� = 3𝑒𝑒−𝑗𝑗5(0.7𝜋𝜋) = 3𝑒𝑒𝑗𝑗0.5𝜋𝜋 
𝑦𝑦[𝑛𝑛] = (6.3511) ∗ (3) ∗ 2 cos(0.7𝜋𝜋𝜋𝜋 − 0.4𝜋𝜋 + 0.5𝜋𝜋) = 38.11 cos(0.7𝜋𝜋𝜋𝜋 + 0.1𝜋𝜋) 

𝑦𝑦(𝑡𝑡) = 38.11 cos(700𝜋𝜋𝜋𝜋 + 0.1𝜋𝜋) 
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𝑥𝑥[𝑛𝑛] =  
 
 
            
 
 

 
𝑥𝑥[𝑛𝑛] =  
 
 
            
 
 

PROBLEM 2: 
Each part (5 points each) can be solved independently of each other. 
The following problems might benefit from the use of the DTFT pairs and properties tables. 
(a) Find 𝑋𝑋�𝑒𝑒𝑗𝑗𝜔𝜔� � if 𝑥𝑥[𝑛𝑛] = 100 sin(0.6𝜋𝜋𝜋𝜋)

𝜋𝜋𝜋𝜋
× 𝛿𝛿[𝑛𝑛 − 8] (where × represents multiplication) 

 
 
 
 
 
 
 
(b) Find 𝑋𝑋�𝑒𝑒𝑗𝑗𝜔𝜔� � if is 𝑥𝑥[𝑛𝑛] = 2(𝑢𝑢[𝑛𝑛 − 2] − 𝑢𝑢[𝑛𝑛 − 18]) 
 
 
 
 
 
 
 
 
 
 
 

(c) Find the most compact (reduced) form of 𝑥𝑥[𝑛𝑛] if  𝑋𝑋�𝑒𝑒𝑗𝑗𝜔𝜔� � = � 4

1−0.9𝑒𝑒−𝑗𝑗�𝜔𝜔�−
𝜋𝜋
3�

+ 4

1−0.9𝑒𝑒−𝑗𝑗�𝜔𝜔�+
𝜋𝜋
3�
� 𝑒𝑒−𝑗𝑗4𝜔𝜔�  

  
 
 
 
 
 
 
 
 
 
 
 
 
(d) Find 𝑥𝑥[𝑛𝑛] = [2 cos(0.4𝜋𝜋𝜋𝜋) + 5 cos(0.1𝜋𝜋𝜋𝜋) + 2 cos(0.8𝜋𝜋𝜋𝜋)] ∗ �6 sin(0.6𝜋𝜋𝜋𝜋)

𝜋𝜋𝜋𝜋
− 3 sin(0.3𝜋𝜋𝜋𝜋)

𝜋𝜋𝜋𝜋
� (′ ∗ ′ is convolution) 

 

𝑋𝑋�𝑒𝑒𝑗𝑗𝜔𝜔� � = 

𝑋𝑋 �𝑒𝑒𝑗𝑗𝜔𝜔� � = 

𝑥𝑥[𝑛𝑛] = 100
sin(0.6𝜋𝜋𝜋𝜋)

𝜋𝜋𝜋𝜋
× 𝛿𝛿[𝑛𝑛 − 8] = 100

sin(0.6𝜋𝜋(8))
𝜋𝜋(8)

𝛿𝛿[𝑛𝑛 − 8] 

100
sin�0.6𝜋𝜋(8)�

𝜋𝜋(8) 𝛿𝛿[𝑛𝑛 − 8] = 2.34𝛿𝛿[𝑛𝑛 − 8] 

𝑋𝑋�𝑒𝑒𝑗𝑗𝜔𝜔� � = 2.34𝑒𝑒−𝑗𝑗8𝜔𝜔�  
 

Rectangular function (L=16) w/delay of 2 samples:  

2(𝑢𝑢[𝑛𝑛 − 2]− 𝑢𝑢[𝑛𝑛 − 18]) →
2 sin(8𝜔𝜔�)

sin �𝜔𝜔�2�
𝑒𝑒−𝑗𝑗

15
2 𝜔𝜔�𝑒𝑒−𝑗𝑗2𝜔𝜔� →

2 sin(8𝜔𝜔�)

sin �𝜔𝜔�2�
𝑒𝑒−𝑗𝑗

19
2 𝜔𝜔�  

 
 
 

Right sided exponential: 8
1−0.9𝑒𝑒−𝑗𝑗𝜔𝜔�

→ 8(0.9)𝑛𝑛𝑢𝑢[𝑛𝑛] 

Modulation by cos �𝜋𝜋
3
𝑛𝑛� 

Delay by 4 samples: 𝑒𝑒−𝑗𝑗4𝜔𝜔�  

𝑥𝑥[𝑛𝑛] = 8(0.9)(𝑛𝑛−4)𝑢𝑢[𝑛𝑛 − 4] cos�
𝜋𝜋
3

(𝑛𝑛 − 4)� 

 
 

�6
sin(0.6𝜋𝜋𝜋𝜋)

𝜋𝜋𝜋𝜋
− 3

sin(0.3𝜋𝜋𝜋𝜋)
𝜋𝜋𝜋𝜋

� → �
0 0.6𝜋𝜋 < |𝜔𝜔�| ≤ 𝜋𝜋
6 0.3𝜋𝜋 < |𝜔𝜔�| ≤ 0.6𝜋𝜋
3 0 ≤ |𝜔𝜔�| ≤ 0.3𝜋𝜋

 

Therefore: 
𝑥𝑥[𝑛𝑛] = (2 ∗ 6) cos(0.4𝜋𝜋𝜋𝜋) + (3 ∗ 5)cos(0.1𝜋𝜋𝜋𝜋) 

𝑥𝑥[𝑛𝑛] = 12 cos(0.4𝜋𝜋𝜋𝜋) + 15cos(0.1𝜋𝜋𝜋𝜋) 
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𝐴𝐴 =  
 
 
 
 
 

 
𝐵𝐵 =  
 
 
 
 
 

 
𝐶𝐶 =  
 
 
 
 
 

 
𝑋𝑋[0] =  
 
 
 
 
 

PROBLEM 3: 
Parts a and b (10 points each) can be solved independently of each other. 
(a) Let 𝑥𝑥[𝑛𝑛] = −2 + 5 cos �3𝜋𝜋

8
𝑛𝑛 + 𝜋𝜋

6
� + 9cos �7𝜋𝜋

8
𝑛𝑛 − 7𝜋𝜋

9
�.  Let {𝑋𝑋[0], … ,𝑋𝑋[63]} be the 64-point DFT of {𝑥𝑥[0], … , 𝑥𝑥[63]}.  

Many of these DFT coefficients are zero.  Specify only the nonzero DFT coefficients in the table below with the 
corresponding index 𝑘𝑘 ∈ {0, … ,63}. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑘𝑘 ≥ 0        

𝑋𝑋[𝑘𝑘]        

 
(b) Consider the 16-point sequence defined by 𝑥𝑥[𝑛𝑛] = 5𝛿𝛿[𝑛𝑛 − 3] + 5𝛿𝛿[𝑛𝑛 − 13] for 𝑛𝑛 = 0, … ,15.  Let 𝑋𝑋[𝑘𝑘] represent the 
16-point DFT of 𝑥𝑥[𝑛𝑛] in the form 𝑋𝑋[𝑘𝑘] = 𝐴𝐴 cos(𝐵𝐵𝐵𝐵) 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 , 𝑘𝑘 = 0, … , 15.  Find 𝐴𝐴 > 0, 0 < 𝐵𝐵 ≤ 𝜋𝜋, 0 < 𝐶𝐶 ≤ 𝜋𝜋 and the value 
of 𝑋𝑋[0] (i.e., the value of the 16-point DFT at index 𝑘𝑘 = 0). 
 
 

DFS:  

𝜔𝜔�0 = 𝐺𝐺𝐺𝐺𝐺𝐺 �
3𝜋𝜋
8

,
7𝜋𝜋
8
� =

𝜋𝜋
8
→ 𝑁𝑁0 = 16 → 𝑁𝑁 = 4 ∗ 𝑁𝑁0 = 64 → 𝜔𝜔�𝑘𝑘 =

2𝜋𝜋
64

𝑘𝑘 =
𝜋𝜋

32
𝑘𝑘 

The DFT is an integer multiple of the fundamental period so we will have “complete” periods in the 
windowed DFT and can represent each sinusoid with 2 spectral lines. 
 
The DFS for x[n] are: 

𝜔𝜔�0𝑘𝑘 = 0, ±
3𝜋𝜋
8

, ±
7𝜋𝜋
8
→ 𝑎𝑎𝑘𝑘 = 2𝑒𝑒𝑗𝑗𝑗𝑗, 2.5𝑒𝑒±𝑗𝑗𝑗𝑗6 , 4.5𝑒𝑒∓

𝑗𝑗7𝜋𝜋
9 ,𝑘𝑘 = 0, ±3, ±7 

𝑋𝑋[𝑘𝑘] = 𝑁𝑁𝑎𝑎𝑘𝑘 

𝑋𝑋[𝑘𝑘] = 64𝑎𝑎𝑘𝑘 → 128𝑒𝑒𝑗𝑗𝑗𝑗, 160𝑒𝑒±𝑗𝑗𝑗𝑗6 , 288𝑒𝑒∓
𝑗𝑗7𝜋𝜋
9 ,𝑘𝑘 = 0, {12,52}, {28,36} 

 
 
 

    0                           12                       28                     36                    52    
 

128𝑒𝑒𝑗𝑗𝑗𝑗               160𝑒𝑒
𝑗𝑗𝑗𝑗
6             288𝑒𝑒−

𝑗𝑗7𝜋𝜋
9           288𝑒𝑒

𝑗𝑗7𝜋𝜋
9         160𝑒𝑒−

𝑗𝑗𝑗𝑗
6  

Note: The value of 𝑋𝑋[0] can be found by the sum of the values of 𝑥𝑥[𝑛𝑛]: 

𝑋𝑋[0] = �(5𝛿𝛿[𝑛𝑛 − 3] + 5𝛿𝛿[𝑛𝑛 − 13])
15

𝑘𝑘=0

= 5 + 5 = 10 

𝑥𝑥[𝑛𝑛] = 5𝛿𝛿[𝑛𝑛 − 3] + 5𝛿𝛿[𝑛𝑛 − 13] 
𝑋𝑋�𝑒𝑒𝑗𝑗𝜔𝜔� � = 5𝑒𝑒−𝑗𝑗3𝜔𝜔�  + 5𝑒𝑒−𝑗𝑗13𝜔𝜔� → 10 cos(5𝜔𝜔�) 𝑒𝑒−𝑗𝑗8𝜔𝜔�  

𝜔𝜔�𝑘𝑘 =
2𝜋𝜋
16

𝑘𝑘 

𝑋𝑋[𝑘𝑘] = 10 cos �
5𝜋𝜋
8
𝑘𝑘� 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗  

 𝐴𝐴 = 10,𝐵𝐵 =
5𝜋𝜋
8

,𝐶𝐶 = 𝜋𝜋 
 


