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PROB. Sp23-Q2.1. Let y( t ) = 2cos(30πt + 0.3π) + x( t )cos(45π t).

(a) If x( t ) = 12 (a constant for all t),
then the Fourier series for y( t ) is y( t ) =

∞
k=–∞ake

j2πkf0t ,  where f0 = Hz, and where:

(b) If x( t ) = 16cos(5πt),
then the FS for y( t ) is y( t ) =

∞
k=–∞ake

j2πkf0t , where f0 = Hz, and where:

(c) If x( t ) = Acos(2πfc t + ϕ) causes y( t ) to be periodic with fundamental frequency f0 = 30 Hz,
then it must be that:

 
> 0

a0 a1 a2a–1a–2a–3a–5 a–4 a3 a4 a5

(Leave an answer box empty to signify that the corresponding ak is zero, specify only the nonzero FS coefficients.)

 
> 0

a0 a1 a2a–1a–2a–3a–5 a–4 a3 a4 a5

(Leave an answer box empty to signify that the corresponding ak is zero, specify only the nonzero FS coefficients.)

A = , fc = Hz,  ϕ = rads.
> 0 > 0 ∈(–π, π] 



PROB. Sp23-Q2.2. Consider the signal x( t ) whose spectrum is shown below, 
where the constant r > 0 is real and nonnegative but otherwise unspecified:

Suppose we sample x( t ) with sampling rate fs, and then feed the 
samples to an ideal D-to-C converter with the same fs parameter, 
producing the continuous-time output y( t ), as shown here. 
The parameters r and fs may be different in each part below.

(a) In order for y( t ) = x( t ), the sampling rate must satisfy fs >  Hz.

(b) Give three examples of sampling rates for which y( t ) is a constant, independent of time t:

(c) If fs = 3 Hz and y( t ) = 20 + Acos(2πf1t + ϕ), then:

(d) If y( t ) = 10cos(64πt) then fs =  Hz, and r = .

-48 -32 32 48
f (Hz)

rej0.3π rej0.3πre–j0.3πre–j0.3π

x[n ]x( t ) y( t )IDEAL
D-to-C

CONVERTER

IDEAL
C-to-D

CONVERTER

fs

 

fs = Hz,
> 0

fs = Hz,
> 0

fs = Hz.
> 0

A = , f1 = Hz,  ϕ = rads.
> 0 > 0 ∈(–π, π] 

 
> 0

 



PROB. Sp23-Q2.3. As shown in the figure, suppose that two FIR filters
are connected in cascade, so that an input x[n ] to the first 
system produces an intermediate signal w[n ], which 
becomes the input to the second, producing an overall output y[n ], where:

• FIR#1 has impulse response h1[n ] = 3δ[n ] + βδ[n – 1],

• FIR#2 has impulse response h2[n ] = δ[n ] – δ[n – 1].

The constant β is different in each part below.

(a) If β = 15 and x[n ] =  then w[ 3 ] = .

(b) If β = 3, the difference equation relating the overall output to input is y[n ] = kbkx[n – k], where:

(c) If β = 6 and x[n ] = nu[n ] (i.e., x[n ] = 0 for n < 0, and x[n ] = n for n ≥ 0), 
specify numerical values for the following outputs:

(d) If x[n ] = δ[n ] + δ[n – 1 ] results in an output stem plot with the following shape, 
then it must be that

β = .

x[n ] y[n ]
FIR#1

w[n ]
FIR#2

1
1 n2+
----------------  

b0 b1 b2 b3 b4

y[ 0 ] y[ 1 ] y[ 2 ] y[ 3 ] y[ 4 ]

n

y[n ]
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ANSWER KEY A



PROB. Sp23-Q2.1. Let y( t ) = 2cos(30πt + 0.3π) + x( t )cos(45π t).

(a) If x( t ) = 12 (a constant for all t),
then the Fourier series for y( t ) is y( t ) =

∞
k=–∞ake

j2πkf0t ,  where f0 = Hz, and where:

(b) If x( t ) = 16cos(5πt),
then the FS for y( t ) is y( t ) =

∞
k=–∞ake

j2πkf0t , where f0 = Hz, and where:

(c) If x( t ) = Acos(2πfc t + ϕ) causes y( t ) to be periodic with fundamental frequency f0 = 30 Hz,
then it must be that:

 
> 0

7.5

a0 a1 a2a–1a–2a–3a–5 a–4 a3 a4 a5

(Leave an answer box empty to signify that the corresponding ak is zero, specify only the nonzero FS coefficients.)

= gcd(15, 22.5) 

ej0.3π 6e– j0.3π6

 
> 0

5

a0 a1 a2a–1a–2a–3a–5 a–4 a3 a4 a5

(Leave an answer box empty to signify that the corresponding ak is zero, specify only the nonzero FS coefficients.)

= gcd(15, 20, 25) 

ej0.3πe– j0.3π 4 44 4

A = , fc = Hz,  ϕ = rads.
> 0 > 0 ∈(–π, π] 

Frequencies for y( t ) at {15, 22.5 – fc, 22.5 + fc}, 

30 Hz when fc = 7.5 Hz

7.5

⇒ y( t ) = 2cos(30πt + 0.3π) + cos(30πt – ϕ) + cos(60πt + ϕ)A
2
----A

2
----

cancel when ϕ = 0.7π
and A = 4

4 0.7π



PROB. Sp23-Q2.2. Consider the signal x( t ) whose spectrum is shown below, 
where the constant r > 0 is real and nonnegative but otherwise unspecified:

Suppose we sample x( t ) with sampling rate fs, and then feed the 
samples to an ideal D-to-C converter with the same fs parameter, 
producing the continuous-time output y( t ), as shown here. 
The parameters r and fs may be different in each part below.

(a) In order for y( t ) = x( t ), the sampling rate must satisfy fs >  Hz.

(b) Give three examples of sampling rates for which y( t ) is a constant, independent of time t:

(c) If fs = 3 Hz and y( t ) = 20 + Acos(2πf1t + ϕ), then:

(d) If y( t ) = 10cos(64πt) then fs =  Hz, and r = .

-48 -32 32 48
f (Hz)

rej0.3π rej0.3πre–j0.3πre–j0.3π

x[n ]x( t ) y( t )IDEAL
D-to-C

CONVERTER

IDEAL
C-to-D

CONVERTER

fs

 96

fs = Hz,
> 0

fs = Hz,
> 0

fs = Hz.
> 0

f0 = gcd(32, 48) = 16

⇒ fs = for any ∈{1, 2, 3, ...}16


------

16 8 4

A = , f1 = Hz,  ϕ = rads.
> 0 > 0 ∈(–π, π] 

x( t ) = 2rcos(2π(32)t + 0.3π) + 2rcos(2π(48)t + 0.3π) 

⇒ y( t ) = 2rcos(2π(32 – (11)(3))t + 0.3π) + 2rcos(2π(48 – (16)(3))t + 0.3π)

= 2rcos(2π(1)t – 0.3π) + 2rcos(0  + 0.3π) ⇒ 2r = A = 

A f1 ϕ

1 –0.3π

20 

20
(cos 0.3π)

-------------------------

34.0

≈ 34.0

 
> 0

80  4.25

48 Hz aliases to 32 Hz when fs = 80 Hz
⇒ y( t ) = 2rcos(2π(32)t + 0.3π) + 2rcos(2π(48 – 80)t + 0.3π)

 = 2rcos(2π(32)t + 0.3π) + 2rcos(2π(32)t – 0.3π)

 = 4rcos(0.3π)cos(64πt)

10 

⇒ r = ≈ 4.2510

4 (cos 0.3π)
----------------------------

phasor addition: 
2rej0.3π + 2re–j0.3π = 4rcos(0.3π)



PROB. Sp23-Q2.3. As shown in the figure, suppose that two FIR filters
are connected in cascade, so that an input x[n ] to the first 
system produces an intermediate signal w[n ], which 
becomes the input to the second, producing an overall output y[n ], where:

• FIR#1 has impulse response h1[n ] = 3δ[n ] + βδ[n – 1],

• FIR#2 has impulse response h2[n ] = δ[n ] – δ[n – 1].

The constant β is different in each part below.

(a) If β = 15 and x[n ] =  then w[ 3 ] = .

(b) If β = 3, the difference equation relating the overall output to input is y[n ] = kbkx[n – k], where:

(c) If β = 6 and x[n ] = nu[n ] (i.e., x[n ] = 0 for n < 0, and x[n ] = n for n ≥ 0), 
specify numerical values for the following outputs:

(d) If x[n ] = δ[n ] + δ[n – 1 ] results in an output stem plot with the following shape, 
then it must be that

x[n ] y[n ]
FIR#1

w[n ]
FIR#2

= 3x[ 3 ] + 15x[ 2 ] 

= + = 3.33
1 32+
--------------- 15

1 22+
---------------

1
1 n2+
----------------  3.3

b0 b1 b2 b3 b4

3 β
–3 –β

3 β–3 –β

3 0 –3 0 0

y[ 0 ] y[ 1 ] y[ 2 ] y[ 3 ] y[ 4 ]

3 6

–3 –6

3 3 –6

0 0 0 0 1 2 3 4

0 3 9 9 9

x[ 0 ] x[ 1 ] x[ 2 ] x[ 3 ] x[ 4 ]

n

y[n ]

β = .
3 β–3 –β

3 β–3 –β
3 β –3 –β

–3

⇒ y[n ] matches
when β = –3


