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𝑦𝑦(𝑡𝑡) =     
 
 

PROBLEM 1:  
Parts a and b (10 points each) can be solved independently of each other. 
(a) Let 𝑥𝑥(𝑡𝑡) = 3 cos(84𝜋𝜋𝜋𝜋 − 𝜋𝜋/4) + 8 cos(72𝜋𝜋𝜋𝜋 + 3𝜋𝜋/5) cos(504𝜋𝜋𝜋𝜋) in the ideal C-D/D-C system shown below. 
 

 
 

(i) Find the condition on 𝑓𝑓𝑠𝑠 (in Hz) to avoid aliasing in 𝑦𝑦(𝑡𝑡). 
 
 
 
 
 
 
 
 
(ii) Independent of your answer in part (i), now assume 𝑓𝑓𝑠𝑠 = 500 𝐻𝐻𝐻𝐻 and find 𝑦𝑦(𝑡𝑡) as a sum of sinusoids in the 
standard form below (where 𝑁𝑁 represents the total number of sinusoids) 

𝑦𝑦(𝑡𝑡) = 𝐴𝐴0 + 𝐴𝐴1 cos(𝜔𝜔1𝑡𝑡 + 𝜑𝜑1) + 𝐴𝐴2 cos(𝜔𝜔2𝑡𝑡 + 𝜑𝜑2) + ⋯+ 𝐴𝐴𝑁𝑁 cos(𝜔𝜔𝑁𝑁𝑡𝑡 + 𝜑𝜑𝑁𝑁) 
 
 
 
 
 
 
 
 
 
 
 
(b) Let 𝑥𝑥(𝑡𝑡) = −9 + 5cos �72𝜋𝜋𝜋𝜋 − 𝜋𝜋

9
� + 8 cos �120𝜋𝜋𝜋𝜋 + 𝜋𝜋

7
� + 2cos �264𝜋𝜋𝜋𝜋 + 𝜋𝜋

10
�  

Find 𝑓𝑓0 

 

The Fourier Series (FS) representation of 𝑥𝑥(𝑡𝑡) is 𝑥𝑥(𝑡𝑡) = ∑ 𝑎𝑎𝑘𝑘𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑓𝑓0𝑡𝑡∞
𝑘𝑘=−∞ .  List the non-zero FS Coefficients (𝑎𝑎𝑘𝑘) 

along with their 𝑘𝑘-index in the table below in increasing index order (i.e. for all non-zero FS Coefficients start with 
the smallest negative 𝑘𝑘-index in the first column and end with the largest positive 𝑘𝑘-index in the last column). 

 
 
  
 
 
 

𝑘𝑘 
       

𝑎𝑎𝑘𝑘        

𝑓𝑓0 = 

𝑓𝑓𝑠𝑠 >  𝑥𝑥(𝑡𝑡) = 3 cos �84𝜋𝜋𝜋𝜋 −
𝜋𝜋
4�

+ 4 cos �432𝜋𝜋𝜋𝜋 −
3𝜋𝜋
5
� + 4 cos �576𝜋𝜋𝜋𝜋 +

3𝜋𝜋
5
� 

Max Frequency is: 288 Hz therefore 𝑓𝑓𝑠𝑠 > 2 ∗ 288 = 576 
 

576 𝐻𝐻𝐻𝐻 

For 𝑓𝑓𝑠𝑠 = 500, only the 288 Hz cosine will alias and fold. 

𝑦𝑦(𝑡𝑡) = 3 cos �84𝜋𝜋𝜋𝜋 −
𝜋𝜋
4�

+ 4 cos �424𝜋𝜋𝜋𝜋 −
3𝜋𝜋
5
� + 4 cos �432𝜋𝜋𝜋𝜋 −

3𝜋𝜋
5
� 

12 𝐻𝐻𝐻𝐻 

−11                      − 5                 − 3                    0                          3                          5                      11  

𝑒𝑒−
𝑗𝑗𝑗𝑗
10                    4𝑒𝑒−

𝑗𝑗𝑗𝑗
7                    2.5𝑒𝑒

𝑗𝑗𝑗𝑗
9                   9𝑒𝑒𝑗𝑗𝑗𝑗                   2.5𝑒𝑒−

𝑗𝑗𝑗𝑗
9                 4𝑒𝑒

𝑗𝑗𝑗𝑗
7                𝑒𝑒

𝑗𝑗𝑗𝑗
10  
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PROBLEM 2: 
Parts a and b (10 points each) can be solved independently of each other. 
(a) For the ideal C-D/D-C system below, assume 𝑥𝑥(𝑡𝑡) = cos(𝐴𝐴𝐴𝐴𝑡𝑡2 + 𝐵𝐵𝐵𝐵𝐵𝐵 + 0.2𝜋𝜋), 𝑓𝑓𝑠𝑠 = 6400 Hz, and the 

spectrogram for 𝑦𝑦(𝑡𝑡) is as shown in the figure. Let 𝑓𝑓𝑖𝑖,𝑦𝑦(𝑡𝑡) represent the instantaneous frequency of 𝑦𝑦(𝑡𝑡). 

 

 
Find: (i) 𝐴𝐴 >0 and (ii) 𝐵𝐵 > 0  and (iii) 𝑓𝑓𝑖𝑖,𝑦𝑦(38) 

 
 
 
 
 
 
 
 
 

 
 
 
 

(b) For the ideal C-To-D converter below assume that 𝑥𝑥(𝑡𝑡) = 10 cos �210𝜋𝜋𝜋𝜋 + 𝜋𝜋
10
� + 6 cos �330𝜋𝜋𝜋𝜋 − 𝜋𝜋

8
� 

 
(i) Find the fundamental frequency, 𝑓𝑓0, for 𝑥𝑥(𝑡𝑡) in Hz. 

 

 

(ii) We wish to set the sampling rate 𝑓𝑓𝑠𝑠 such that 𝑥𝑥[𝑛𝑛] = 𝑥𝑥[𝑛𝑛 + 𝑁𝑁0] (i.e., 𝑥𝑥[𝑛𝑛] is periodic with a period of 𝑁𝑁0 
samples).  Find the smallest sampling rate 𝑓𝑓𝑠𝑠 that avoids aliasing and sets 𝑁𝑁0 = 67 samples. 

 

  

𝐴𝐴 =                  

𝐵𝐵 =                  

𝑓𝑓𝑖𝑖,𝑦𝑦(38) =                  

𝑓𝑓0 =                  

𝑓𝑓𝑠𝑠 =                  

𝑓𝑓𝑖𝑖,𝑥𝑥(𝑡𝑡) = 𝐴𝐴𝐴𝐴 +
𝐵𝐵
2

 

𝑓𝑓𝑖𝑖,𝑥𝑥(0) =
𝐵𝐵
2

= 400 → 𝐵𝐵 = 800 

𝑓𝑓𝑖𝑖,𝑥𝑥(7) = 𝐴𝐴(7) + 400 = 3200 → 𝐴𝐴 = 400 
𝑓𝑓𝑖𝑖,𝑦𝑦(38) = 400(38) + 400 = 15600 − 2 ∗ 6400 = 2800 𝐻𝐻𝐻𝐻 

 

400 

800 

2800 𝐻𝐻𝐻𝐻 

15 𝐻𝐻𝐻𝐻 

Highest frequency is: 165 Hz so 𝑓𝑓𝑠𝑠 > 330 𝐻𝐻𝐻𝐻 
𝑁𝑁0
𝑀𝑀

=
𝑓𝑓𝑠𝑠
𝑓𝑓0
→ 𝑓𝑓𝑠𝑠 =

𝑁𝑁0
𝑀𝑀
𝑓𝑓0 > 330 𝐻𝐻𝐻𝐻 

𝑓𝑓𝑠𝑠 =
67
𝑀𝑀

(15) > 330 → 𝑀𝑀 <
67 ∗ 15

330
= 3.05 

 
The smallest 𝑓𝑓𝑠𝑠 is equal to 𝑓𝑓𝑠𝑠 = 67

3
(15) = 335 

335 𝐻𝐻𝐻𝐻 
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PROBLEM 3: 
Parts a and b (10 points each) can be solved independently of each other. 
(a) Consider the cascaded LTI system below 

 
where ℎ1[𝑛𝑛] = ∑ 𝑘𝑘𝑘𝑘[𝑛𝑛 − 2𝑘𝑘]2

𝑘𝑘=1  and 𝑦𝑦[𝑛𝑛] = 6𝑤𝑤[𝑛𝑛 − 1] − 9𝑤𝑤[𝑛𝑛 − 3].   
(i) Find the overall impulse response ℎ[𝑛𝑛].  
 
 
 
 
 
 
 
 
 
 
 
(ii) Find 𝑦𝑦[6] when 𝑥𝑥[𝑛𝑛] = 𝑢𝑢[𝑛𝑛] (i.e., the unit step function)  
 
 
 
 

 
 
 

(b) Consider the LTI system shown below.  

 
We know the following information: 

ℎ[𝑛𝑛] = −2𝛿𝛿[𝑛𝑛 − 𝐴𝐴] + 3𝛿𝛿[𝑛𝑛 − 𝐵𝐵] 
𝑥𝑥[𝑛𝑛] = 3𝛿𝛿[𝑛𝑛] − 2𝛿𝛿[𝑛𝑛 − 1] 

𝑦𝑦[𝑛𝑛] = −6𝛿𝛿[𝑛𝑛 − 2] + 4𝛿𝛿[𝑛𝑛 − 3] + 9𝛿𝛿[𝑛𝑛 − 4] − 6𝛿𝛿[𝑛𝑛 − 5] 
Find 𝐴𝐴 and 𝐵𝐵  

 
 
 
 
 
 
 
 
 

 

𝐴𝐴 =                  

ℎ[𝑛𝑛] =                  

ℎ1[𝑛𝑛] = 𝛿𝛿[𝑛𝑛 − 2] + 2𝛿𝛿[𝑛𝑛 − 4] 
ℎ2[𝑛𝑛] = 6𝛿𝛿[𝑛𝑛 − 1] − 9𝛿𝛿[𝑛𝑛 − 3] 

ℎ[𝑛𝑛] = ℎ1[𝑛𝑛] ∗ ℎ2[𝑛𝑛] = 𝛿𝛿[𝑛𝑛 − 2] ∗ (6𝛿𝛿[𝑛𝑛 − 1] − 9𝛿𝛿[𝑛𝑛 − 3]) + 2𝛿𝛿[𝑛𝑛 − 4] ∗ (6𝛿𝛿[𝑛𝑛 − 1] − 9𝛿𝛿[𝑛𝑛 − 3]) 
ℎ[𝑛𝑛] = (6𝛿𝛿[𝑛𝑛 − 3] − 9𝛿𝛿[𝑛𝑛 − 5]) + (12𝛿𝛿[𝑛𝑛 − 5] − 18 𝛿𝛿[𝑛𝑛 − 7]) 

ℎ[𝑛𝑛] = 6𝛿𝛿[𝑛𝑛 − 3] + 3𝛿𝛿[𝑛𝑛 − 5] − 18𝛿𝛿[𝑛𝑛 − 7] 
 

𝑦𝑦[𝑛𝑛] = 6𝑢𝑢[𝑛𝑛 − 3] + 3𝑢𝑢[𝑛𝑛 − 5] − 18𝑢𝑢[𝑛𝑛 − 7] 
𝑦𝑦[6] = 6𝑢𝑢[3] + 3𝑢𝑢[1] − 18𝑢𝑢[−1] = 6 ∗ 1 + 3 ∗ 1 − 18 ∗ 0 = 9 𝑦𝑦[6] =                  9 

Let 𝑛𝑛{𝑥𝑥,ℎ,𝑦𝑦},𝐹𝐹 and 𝑛𝑛{𝑥𝑥,ℎ,𝑦𝑦},𝐿𝐿 represent the First and Last non-zero values for the signals 𝑥𝑥[𝑛𝑛],ℎ[𝑛𝑛] and 𝑦𝑦[𝑛𝑛], 
respectively.  Then: 

𝑛𝑛{𝑥𝑥},𝐹𝐹 + 𝑛𝑛{ℎ},𝐹𝐹 = 𝑛𝑛{𝑦𝑦},𝐹𝐹 → 0 + 𝐴𝐴 = 2 → 𝐴𝐴 = 2 
𝑛𝑛{𝑥𝑥},𝐿𝐿 + 𝑛𝑛{ℎ},𝐿𝐿 = 𝑛𝑛{𝑦𝑦},𝐿𝐿 → 1 + 𝐵𝐵 = 5 → 𝐵𝐵 = 4 

𝐵𝐵 =                  


