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 Write your name on the front page ONLY.  DO NOT unstaple the test 
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 Two pages ቀ8
ଵ

ଶ
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 SHOW ALL YOUR WORK ON ALL PROBLEMS TO RECEIVE CREDIT 
 You must write your answer in the space provided on the exam paper itself.  Only these answers 

will be graded. Write your answers in the boxes/spaces provided.  If more space is needed for 
scratch work, use the backs of previous pages. 

 WRITE ANY RADIAN ANSWERS AS A FRACTION OF PI. (i.e., write 0.4π instead of 1.257) 
 ALL RADIAN ANSWERS SHOULD BE IN THE RANGE (-π, π]. 
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𝑦(𝑡) = 6 cos(200𝜋𝑡)  

𝑓଴ = 300 Hz             𝑥(𝑡) = 
ଵ

ଶ
cos(1800𝜋𝑡 − 𝜋/9) +

ଵ

ଶ
cos(2400𝜋𝑡 + 𝜋/9)    

 

PROBLEM 1: 
(a) Express the signal 𝑦(𝑡) in standard reduced sinusoidal form (i.e., ∑ 𝐴௜ cos(𝜔௜𝑡 + 𝜙௜)ே

௜ୀ଴  where N is 

unspecified with 𝐴௜ ≥ 0 and −𝜋 < 𝜙௜ ≤ 𝜋) (8 points)  

𝑦(𝑡) = ℜ𝑒൛6𝑒௝(ଶగ(ଵ଴଴)௧ିగ/ଷ)ൟ + 3𝑒௝ଶ଴଴గ௧ା௝గ/ଷ + 3𝑒ି௝ଶ଴଴గ௧ି௝ /ଷ 

 

𝑦(𝑡) = ℜ𝑒 ቄ6𝑒௝ଶగ(ଵ଴଴)௧ି
గ
ଷቅ + 3𝑒௝ଶ଴଴గ௧ା

௝గ
ଷ + 3𝑒ି௝ଶ଴଴గ௧ି

௝గ
ଷ → 6 cos ቀ200𝜋𝑡 −

𝜋

3
ቁ + 6 cos ቀ200𝜋𝑡 +

𝜋

3
ቁ 

Phasor Addition:   6𝑒ି
ೕഏ

య + 6𝑒
ೕഏ

య = 6𝑒௝଴ → 𝑦(𝑡) = 6 cos(200𝜋𝑡) 

 

 

 

 

 

 
 
 
(b) Express 𝑥(𝑡) = cos(300𝜋𝑡 + 𝜋/9) cos(2100𝜋𝑡) as a sum of two sinusoids 

 
𝑥(𝑡) = 𝐴ଵ cos(𝜔ଵ𝑡 + 𝜙ଵ) + 𝐴ଶ cos(𝜔ଶ𝑡 + 𝜙ଶ)  

 
and determine the fundamental frequency 𝑓଴.(8 points) 

 
Center the 150 Hz signal on the 1050 hz signal giving two sinusoids at 1200 Hz and 900 Hz.   𝑓଴ = 300 𝐻𝑧                                                                                                                             
 

𝑥(𝑡) =
ଵ

ଶ
cos(1800𝜋𝑡 − 𝜋/9) +

ଵ

ଶ
cos(2400𝜋𝑡 + 𝜋/9)  



3 

 
𝑎଴ =3/8 
  

 
𝑓௦ > 1750 Hz  
  

 

𝑥(𝑡) = −2 + 2 cos ቀ250𝜋𝑡 +
గ

ଶ
ቁ 

  

PROBLEM 2: (Parts a and b can be solved independently) 
(a) A signal x(t) has Fourier Series coefficients that are computed over one period as: 

𝑎௞ =
1

4
න ൬1 −

1

3
𝑡൰

ଷ

଴

𝑒ି௝
గ
ଶ

௞௧𝑑𝑡 

(i) Plot x(t) over the interval −4 ≤ 𝑡 ≤ 4. (5 points) (properly label all points) 

 

(ii) Find 𝑎଴ (5 points) 

𝑎଴ is the area of a triangle * 1/4: 𝑎଴ =
ଵ

ଶ
(1)(3) ∗

ଵ

ସ
= 3/8 

 

(b) A signal x(t) with period of 𝑇଴ = 0.008 sec is defined as follows  

𝑥(𝑡) = ෍ 𝑎௞𝑒
௝ଶగ

బ்
௞௧

ெ

௞ୀିெ

 

with Fourier series coefficients expressed as: 

𝑎௞ = ቐ
𝑗௞

𝑘ଶ
𝑜𝑑𝑑 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑘

0 𝑒𝑣𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑘

;  𝑎଴ = 2𝑒௝గ 

(i) If 𝑀 = 8, what is the minimum sampling rate (𝑓௦) needed for proper reconstruction? (5 
points) 

𝑇଴ = 0.008 → 𝑓଴ = 125 𝐻𝑧 → 𝑓௦ > 2 ∗ 7𝑓଴ = 2 ∗ (7 ∗ 125) = 1750 𝐻 

 

(ii) If 𝑀 = 2, expand x(t) as a sum of sinusoids with each sinusoid expressed in standard form 
(i.e., 𝐴 cos(𝜔଴𝑡 + 𝜙)) (5 points) 

𝑎଴ = −2; 𝑎±ଵ = 𝑒±௝
గ
ଶ ; 𝑎±ଶ = 0 → 𝑥(𝑡) = −2 + 𝑒

௝గ
ଶ 𝑒௝ଶగ(ଵଶହ)௧ + 𝑒ି

௝గ
ଶ 𝑒ି௝ଶగ(ଵଶହ)௧ = −2 + 2 cos ቀ250𝜋𝑡 +

𝜋

2
ቁ 

  



4 

𝑥ଵ(𝑡) = 6 cos ቀ800𝜋𝑡 +
గ

ଷ
ቁ     

 

𝑥ଶ(𝑡) = 6 cos ቀ3200𝜋𝑡 −
గ

ଷ
ቁ      

 

 
𝑓௦ = _2100 𝐻𝑧______ 
  
𝐴 = √3 ≈ 1.73____ 
 
𝜙 =

గ

଺
≈ 0.167𝜋_ 

   

 
tstop <  __2.1 sec___ 
 

 
𝑓௜(20) = _1450 𝐻𝑧_____ 
  

PROBLEM 3: (Each part of this problem may be answered independently) 
Consider the ideal sampling and reconstruction system shown below for parts (a) and (b): 

 

(a) Suppose that 𝑓ௌଵ
= 2000 𝐻𝑧 and 𝑥[𝑛] = 6 cos(0.4𝜋𝑛 + 𝜋/3).  Find two possible inputs for 

𝑥(𝑡) (i.e., 𝑥ଵ(𝑡) = 𝐴ଵ cos(𝜔ଵ𝑡 + 𝜙ଵ) and 𝑥ଶ(𝑡) = 𝐴ଶ cos(𝜔ଶ𝑡 + 𝜙ଶ)) that would have resulted 
in the same discrete-time signal 𝑥[𝑛] with the restriction that the input frequencies be 
between 0 and 2000 Hz. (8 points) 

One is unaliased: 𝑥ଵ(𝑡) = 6 cos൫(0.4𝜋 ∗ 2000)𝑡 + 𝜋/3൯ = 6 cos ቀ800𝜋𝑡 +
గ

ଷ
ቁ 

One is folded: 𝑥ଶ(𝑡) = 6 cos൫(1.6𝜋 ∗ 2000)𝑡 − 𝜋/3൯ = 6 cos(3200𝜋𝑡 − 𝜋/3) 

 
 
 
 
 
 
 

(b) Suppose that 𝑓ௌଵ
= 𝑓ௌమ

= 𝑓ௌ and 𝑥(𝑡) = cos(800𝜋𝑡) + cos ቀ3400𝜋𝑡 −
గ

ଷ
ቁ.  Find the largest 𝑓ௌ 

such that 𝑦(𝑡) = 𝐴cos(800𝜋𝑡 + 𝜙).  Also, find 𝐴 and 𝜙 (8 points) 

Fold 1700Hz signal into 400 Hz signal: 𝑓ௌ = 2100𝐻𝑧 

 𝐴𝑒௝థ = 1𝑒௝଴ + 1𝑒
ೕഏ

య = √3𝑒
ೕഏ

ల ≈ 1.73𝑒ି௝଴.ଵ଺଻గ 

 

(c) Consider the following MATLAB code: (8 points) 
tt=0:1/3000:tstop; % time in seconds 
psi=2*pi*(450*tt+250*tt.^2); 
xx = cos(psi); 
spectrogram(xx, 256, 200, 512, 3000,’yaxis’) 

(i) What is the instantaneous frequency represented in the spectrogram at 20 seconds (i.e., 𝑓௜(20)) 

𝜓(𝑡) = 2𝜋(450𝑡 + 250𝑡ଶ) → 𝑓௜(𝑡) =
ଵ

ଶగ

ௗந(୲)

ௗ௧
= 450 + 500𝑡 

𝑓௜(20) = 450 + 500(20) = 10450 → 10450 − 9000 = 1450 𝐻𝑧 

(ii) What is the largest value the variable tstop can be to avoid seeing folding in the spectrogram? 

𝑓௜൫𝑡௦௧௢௣൯ = 450 + 500൫𝑡௦௧௢௣൯ < 1500 → 𝑡௦௧௢௣ < 2.1 sec 


