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• JUSTIFY your reasoning CLEARLY to receive partial credit.

• Express all angles as a fraction of . For example, write 0.1 as opposed to 18° or 0.3142 radians.

• You must write your answer in the space provided on the exam paper itself. 
Only these answers will be graded. Circle your answers, or write them in the boxes provided. 
If more space is needed for scratch work, use the backs of the previous pages.
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PROB. Su16-Q1.1. (The different parts of this problem are unrelated. All answers are real numbers.)

(a) Solve  rej =
2026P
k= 1

jk for r =  ≥ 0 and  =  ∈(–,  ].

(b) Solve (1.5 + j)ej = rej + 1  for r =  ≥ 0 and  =  ∈(–,  ].

(c) Solve  x + jy = for x =  and y = .

(d) Solve  = ej  for r =  ≥ 0 and  =  ∈(–,  ].

(e) Solve sin( t ) + cos( t – 1) = Acos(t + ) for A=  ≥ 0 and  =  ∈(–,  ].

  

  

ej/3

x jy+
---------------   

1 j+
r j–
-----------   

  



PROB. Su16-Q1.2.
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Consider the discrete-time sinusoidal
signals shown in the stem plots on the right,
labeled A, B, C, ... K. 

Match each stem plot to its corresponding
equation below by writing the appropriate
letter (from A ... K) into each answer box.



PROB. Su16-Q1.3.

Shown below is one full period of a periodic signal x( t ) that satisfies x( t ) = x( t + 2), 
x( 0 ) = 0 and x( 1 ) = 10:

(a) The fundamental frequency is f0 =  Hz, and the DC component is a0 = .

(b) In the space below, sketch as accurately as possible the two-sided spectrum for x( t ).
(Hint: There are a total of five lines.) Label the frequency (Hz) and amplitude (polar) for each line.

(c) In the Fourier series expansion x( t ) =
∞P
k=–∞

ake
j2fkt, 

the number of nonzero ak coefficients is .

(d) In the Fourier series expansion x( t ) =
∞P
k=–∞

ake
j2fkt,  the k=1 coefficient is a1 = .
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PROB. Su16-Q1.4.

Suppose that the product of sinusoids x( t ) = cos(4t)cos(100t) sketched below is sampled 
with sampling rate fs, and that the samples are immediately fed to an ideal D-to-C converter
(with the same fs parameter), producing the continuous-time output signal y( t ):

(a) The time between peaks of the input x( t ), as indicated above, is Tpk =  seconds.

(b) The input x( t ) is periodic with fundamental frequency f
0
 =  Hz.

(c) For what values of the sampling rate fs will the output y( t ) be the same as the input x( t )?

fs >  samples/s.

(d) If the output is a single sinusoid of the form y( t ) = Acos(2f1t + ), 
where the frequency satisfies f1 > 25 Hz, then it must be that:

fs =  samples/s

A =  ≥ 0

f1 =  Hz

 =  radians.

IDEAL
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fs = 1/Ts
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PROB. Su16-Q1.1. (The different parts of problem are unrelated. All answers are real numbers.)

(a) Solve  rej =
2026P
k = 1

jk for r =  ≥ 0 and  =  ∈(–,  ].

(b) Solve (1.5 + j)ej = rej + 1  for r =  ≥ 0 and  =  ∈(–,  ].

(c) Solve  x + jy = for x =  and y = .

(d) Solve  = ej  for r =  ≥ 0 and  =  ∈(–,  ].

(e) Solve sin( t ) + cos( t – 1) = Acos(t + ) for A=  ≥ 0 and  =  ∈(–,  ].

 2  +0.75

j = ej2/4 is a 4-th root of unity 

⇒ the first (506)(4) = 2024 terms sum to zero.

Including the last two terms yields rej = 0 + j + j2 = –1 + j = e+j0.752

 1.5  –0.5

Dividing both sides by ej

1.5 + j = r + e–j

Taking the imaginary part of both sides:

⇒ 1 = –sin( ) 

⇒  = –0.5

With  = –0.5, this equation reduces to:

1.5 + j = r + j

⇒ r = 1.5

ej/3

x jy+
---------------  3

2
-------±  ±0.5

Multiplying both sides by z = x + jy:

⇒ z2 = ej/3 

⇒ z = ±ej/6 = ±(cos(/6) + jsin(/6)) = ±( + 0.5j)
3

2
-------

≈ ±0.866

Euler

(signs must match)

1 j+
r j–
-----------  1  0.5

Taking squared magnitude of both sides:

⇒ 2

r2 1+
--------------

⇒ r2 = 1 ⇒ r = 1 (to satisfy ≥ 0)

= |ej|2 = 1
1 j+
r j–
-----------

2
= Substituting r = 1 yields:

1 j+
1 j–
----------- 2ej0.25

2e j0.25–
---------------------------= = ej0.5= ej ⇒  = 0.5

 1.92  –0.41

Complex ampltiude of sin( t ) = cos(t – 0.5) is  e–j0.5

Complex ampltiude of cos( t – 1) is  e–j

Phasor addition rule ⇒ Aej = e–j0.5e–j = 1.92e–j0.41



PROB. Su16-Q1.2.
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Consider the discrete-time sinusoidal
signals shown in the stem plots on the
right, labeled A, B, C, ... K. 

Match each stem plot to its corresponding
equation below by writing the appropriate
letter (from A ... K) into each answer box.

N = 10 ⇒ ̂ = 0.2

N = 4 ⇒ ̂ = 0.5

N = 10 ⇒ ̂ = 0.2

N = 10 ⇒ ̂ = 0.2

N = 10 ⇒ ̂ = 0.2

N = 8 ⇒ ̂ = 0.25

N = 8 ⇒ ̂ = 0.25

N = 2 ⇒ ̂ = 

N = 2 ⇒ ̂ = 

N = 4 ⇒ ̂ = 0.5

= cos(0.25n – 0.5)

= cos(0.5n – 0.25)

= cos(0.2n – 0.5)

= cos(n + )

= cos(0.25n)

= cos(0.2n + 0.5)

= cos(0.2n)

= cos(0.5n)

= cos(n)

= cos(0.2n – )
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1. Simplify equations by reducing freq to ± range
2. Use period N to determine which of four ̂ values.
3. Use value at time zero to distinguish phase.



PROB. Su16-Q1.3.

Shown below is one full period of a periodic signal x( t ) that satisfies x( t ) = x( t + 2), 
x( 0 ) = 0 and x( 1 ) = 10:

(a) The fundamental frequency is f0 =  Hz, and the DC component is a0= .

(b) In the space below, sketch as accurately as possible the two-sided spectrum for x( t ).
(Hint: There are a total of five lines.) Label the frequency (Hz) and amplitude for each line.

(c) In the Fourier series expansion x( t ) =
∞P
k =–∞

ake
j2fkt, 
the number of nonzero ak’s  is .

(d) In the Fourier series x( t ) =
∞P
k =–∞

ake
j2fkt,  the k=1 coefficient is a1 = .
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Recognize as the sum of a low-freq large-amplitude
sinusoid and a high-freq low-amplitude sinusoid.
Plus a constant. Determine frequencies by counting
cycles, and determine amplitudes by inspection:

 0.5  5

We are told x( t ) = x( t + 2) ⇒

0
f [Hz]

5

2.5ej2.5e–j

0.5–0.5 20–20

0.5e–j/2
0.5ej/2

 5

One for each spectral line.

 2.5ej

The complex amplitude of the line at the fundamental frequency f0 = 0.5 Hz is a1.
We can read the answer off of the spectrum.



PROB. Su16-Q1.4.

Suppose that the product of sinusoids x( t ) = cos(4t)cos(100t) sketched below is sampled 
with sampling rate fs, and that the samples are immediately fed to an ideal D-to-C converter
(with the same fs parameter), producing the continuous-time output signal y( t ):

(a) The time between peaks of the input x( t ), as indicated above, is Tpk =  seconds.

(b) The input x( t ) is periodic with fundamental frequency f
0
 =  Hz.

(c) For what values of the sampling rate fs will the output y( t ) be the same as the input x( t )?

fs >  samples/s.

(d) If the output is a single sinusoid of the form y( t ) = Acos(2f1t + ), 
where the frequency satisfies f1 > 25 Hz, then it must be that:

IDEAL
D-to-C

fs = 1/Ts

CONVERTER

IDEAL
C-to-D

CONVERTER

x[n ]x( t ) y( t )

t

x( t )

Tpk

... ...

 0.25

One period of the slow sinusoid cos(4t) is overlaid in the above figure.
The slow sinusoid has period 0.5 s. The time between peaks is thus half of that, Tpk = 0.25.

 4

One approach: By inspection, fundamental period is T0 = 0.25 ⇒ f0 = 4 Hz.

Another: Via trig identity, x( t ) = 0.5cos(96t) + 0.5cos(104t).
In other words, the sum of a 48-Hz and 52-Hz sinusoid.
The fundamental freq is thus f0 = gcd(48, 52) = 4 Hz.

 104

Sampling theorem:  fs > 2fmax = 2(52) = 104 Hz

f1 =  Hz

 =   radians.

A =   ≥ 0

 100fs =  samples/s

 1

 48

 0

Input is x( t ) = 0.5cos(96t) + 0.5cos(104t).
We need aliasing to get a single sinusoid output.
In particular, we need the 52-Hz sinusoid to alias
down to align with the 48-Hz sinusoid.

This is 4 Hz of aliasing. So we must sample too slow by 4 Hz:

⇒ fs = 104 – 4 = 100 Hz.

⇒ x[n ] =  0.5cos(96n/100) + 0.5cos(104n/100)

=  0.5cos(96n/100) + 0.5cos(–96n/100)

= cos(96n/100).

⇒ y( t ) = x[100t] = cos(96t).


