GEORGIA INSTITUTE OF TECHNOLOGY
SCHOOL orF ELECTRICAL AND COMPUTER ENGINEERING

ECE 2026 — Summer 2024
Final Exam

July 29, 2024

NAME: GT username:
(FIRST) (LAST) (e.g., gtxyz123)

Important Notes:

(¢]

o

(¢]

Closed book, except for three double-sided pages (8.5” x 11”) of hand-written notes.

No calculators or other electronics (no smartphones/readers/watches/tablets/laptops/etc.)
JUSTIFY your reasoning CLEARLY to receive partial credit.

Express all angles as a fraction of . For example, write 0.17t as opposed to 18° or 0.3142 radians.

You must write your answer in the space provided on the exam paper itself.
Only these answers will be graded. Write your answers in the provided answer boxes.

Do not write on the backs of pages, only the fronts will be graded.

Problem | Points Score
1 10
2 10
3 10
4 15
5 10
6 15
7 10
8 10
9 10

TOTAL: 100
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PROB. Su24-F.1. (The two parts of this problem are unrelated.)

(a) Find values for A > 0, F' > 0, and ¢, €[ 0, 0.01) so that:
z(t) = Acos(120m(t — t,)) + 26cos(2nFt)cos(86mt)

is periodic with a fundamental frequency of 26 Hz.

A= )

> 0
F= Hz,

>0
ty = sec.

€[0, 0.01)

(b) Find the smallest positive integer M and the corresponding value of B so that
the following is true for all time ¢:
. M k
Bsin(nt) = > cos(n(t - 1))
M= ,
> 0




PROB. Su24-F.2.

Consider the MATLAB code:

t

X

0:(1/fsamp) : T;
T*gin (D*t + E*cos (2*pi*F*t) + T);

spectrogram(x, 300, [],1le4, fsamp, 'yaxis') ;

Specify numerical values for the unspecified parameters so that
running the above code produces the following spectrogram:
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PROB. Su24-F.3.

1 1

-17 -15

(a)

(b)

(©)

Consider the signal (¢ ) whose spectrum is shown below:

1 1 1 1

-12 12 15 17 f [Hz]
Suppqse we sample this signal with (1) IDEAL z[n] IDEAL y(t)
sampling rate f,, and then feed the ——{ CtoD > D-to-C >

. CONVERTER CONVERTER

samples to an ideal D-to-C converter
(with the same f, parameter), producing a | S fi=1 /TS—+
continuous-time output y( ¢ ):
In order for y(t) = z(t), the sampling rate must satisfy f, > Hz.
The largest sampling rate for which y(t) is a constant is f, = Hz.

When f, = 5 Hz, the output has the form y(¢) = B + Acos(2nf;t + ¢)
where (in standard form):

B= ,
A= ,
> 0

fO: s
> 0

(p: )
e(-m, n




PROB. Su24-F.4. Consider the following cascade of six first-difference filters:

—— = == = = = = — = = = — — = = — — — = — — 7
z [ n ] FIRST _ FIRST _ FIRST _ FIRST _ FIRST _ FIRST y[ n ]
— DIFFERENCE » DIFFERENCE » DIFFERENCE » DIFFERENCE » DIFFERENCE > DiFFERENCE [T
- -l )} = 1 @ |

(a) The dc gain of the overall system (indicated by the dashed box) is

(b)  Which of the following best describes the overall filter? [ LPF ][ HPF ][ BPF ][ NOTCH ][ ALL-PASS ].

(circle one)

(c) The impulse response of the overall system (indicated by the dashed box) satisfies:

(d) Ifthe output satisfies satisfies y[n] = 0 for n < Oand y[0] = y[1] = y[2] = 1,
then the input at time 2 must be:




PROB. Su24-F.5. Consider an LTI filter defined by the difference equation:

yn] =z[n]+ z[n-1] + Bz[n-2] + z[n - 3] + z[n —4].

If the output in response to the sum of sinusoids z[n ] = cos(0.5nn) + cos(2nn/3)
is y[n] = 0 (for all n), then it must be that:




PROB. Su24-F.6. Shown below is the real-valued frequency response of an LTT filter:
H(e®)

- 0.1 0.3m 0.5 0.7 = ®

TRUE FALSE

(a) DD The filter is FIR.

(b)  Give an expression for the filter output y[n ] when the filter input is z[n] = (cos(0.2rn))*

yln] =

(simplify as much as possible)

Specify numerical values for the constants { A, B, ... Q} so that the impulse

response h[n | can be written in any of the following four different ways:
(4=
B =
(c) h[n] = A%ﬁlﬁz(cos(&m) + Cos(Dnn)): <
C =
\ D =
E pr—
(d) h[n] = Eﬂ;;ﬂzcos(O.an)cos(OAnn):

F=
(G =
H =

(© hln] = sin (G1n) i sin(Hnn) sin(Jrn)  sin(Knn),

nn n n o
J =
| K=
I —
- sin(Prn)  sin(Qnn) . _
(0 h[n] = L( p— p— )cos(0.4rm). P=
Q=




PROB. Su24-F.7.

Let {X[0], X[1], ... X[15]} be the 16-point DFT of

a length-four signal segment {z[0], z[1], z[2], =[3]}.

Find [ 0] through z[3] if the locations of the DFT coefficients

in the complex plane are as indicated below, all on a circle of radius 2,

satisfying X[ k]'® = 2 for all k:

Hint: Direct brute-force calculation not recommended without a calculator!

AIm{ -}
X[4]
x[9]  — &L
) - 1
X[14] -~ \\.X[10]
/ AN
/ - T = 1y
/ -~ ~ S \
X[3]/¢ / AN @90/ o\X[5]
/ / N \
/ / 7 \
X8} | - | GO
| / ;o Rl
\ / /
\\b \\ /@0 J/
C/\
x[13]°, S~ § X1
\ /
x2P *X[6]
AN e
x7P e X1
! X[12]
Hint: All are real,
all are integers.
'T[O] = >
Z’[l] == 5
Jf[2] == 5
z[3] =




PROB. Su24-F.8. Consider the following serial cascade of a pair of LTI systems:

Fr=-—- - —— — = — — — T
z[n] | LTI yi[n] = xy[n] _ LTI ly[n]
| SYSTEM #1 “| SYSTEM #2 |
L——ryry e _|
bl )

« The first system has impulse response h;[n] = 0.2" 'u[n —1].
* The second system has frequency response H,( eja’) =15 + Ae %® 4 Be ¥®,
where A and B are real but otherwise unspecified.

Let h[n ] denote the impulse response of the overall system (dashed box),
so that its Z transform H( z) is the overall system function.

Find A and B so that the pole-zero plot for H( z) is as shown below,
with two poles at the origin and a single zero at —2/3:

Im{z} A
Ve - o~ N
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PROB. Su24-F.9.  Shown on the right are the pole-zero plots for 15 LTI systems, labeled A through P.
Shown on the left are the corresponding magnitude responses | H(e’®)|, but in a
scrambled order. Match the pole-zero plot to its corresponding magnitude response
by writing a letter (A through P) in each answer box.
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Table of DTFT Pairs

Time-Domain: x|[n] Frequency-Domain: X(e’®)
8[n] 1
8[n—no) e~7omo

. 17 A
sin(3 L) o= OL—1)/2
sin(%c?))

~ ~ A 1 |& Sd)b
u(@ +wp) —u(w —wp) = |A | .
0 ap<|o|<m

1

l—ae=J®

Table of DTFT Properties

Property Name Time-Domain: x[n] Frequency-Domain: X (e/®)
Periodic in @ X(e/@+2m) = X(e?)
Linearity axy[n] + bx;[n] aXi(e/?) +bX,(e!?)
Conjugate Symmetry x[n] is real X(e™/®) = X*(e/®)
Conjugation x*[n] X*(e7/®)
Time-Reversal x[—n] X(e™/9)
Delay (d =integer) x[n—d|] eTI0d X (e1%)
Frequency Shift x[n]e’ @on X(e/(@=00))
Modulation x[n]cos(don) %X(ej(‘?’_‘a())) + %X(ej(‘bﬂ%))
Convolution x[n] * h(n] X(e/®)H(e/?)

e 1 r- N
Parseval’s Theorem Z |x[n]|? | |X(e/?)?dd

= ™

Date: 28-Apr-2013




Table of Pairs for N-point DFT

Time-Domain: x[n], n=20,1,2,..., N—1 Frequency-Domain: X[k], k=0,1,2,...,N—1
If x[n] is finite length, i.e., -
x[n] # 0 only whenn € [0, N —1] X[k]= X(e!?) (frequency sampling the DTFT)
and the DTFT of x[n] is X(e/?) @=27k/N
8[n] 1
8[n—no) e—j(2nk/N)n0

e~/ @rn/N)ko Nélk —ko], when kg € [0, N —1]

o1
uln]—u[n— L], when L <N —sm(jL(an/N)) ¢~/ @rk/N)(L—1)/2

sin(3 27k /N))
in(L
—SH.I( 21L @mn/N)) ¢/ @rn/NYL=1)/2 N(ulk]—ulk—L]), when L <N
sin(z (2mn/N))
Table of z-Transform Pairs
Signal Name Time-Domain: x[n] z-Domain: X(z)
Impulse 8[n] 1
Shifted impulse 8[n —ny] z7 "o
. . . 1
Right-sided exponential a™uln] —, lal<1
l—az™1
1— I -1
Decaying cosine r" cos(@on)un] >, CO:((;;):)(Z)BF_F po
L . . cos(p) —rcos(@g— @)z !
D d Arn n c
ecaying sinusoi r" cos(@on + @)un] = 2r cos(ag)z—1 £ 1222
Table of z-Transform Properties
Property Name Time-Domain x[n] | z-Domain X(z)
Linearity axi[n]+bxz[n] | aX1(z) +bX2(2)
Delay (d=integer) x[n—d] D ¢ (2)
Convolution x[n]*xh[n] X(z)H(z)

Date: 28-April-2013




GEORGIA INSTITUTE OF TECHNOLOGY
SCHOOL orF ELECTRICAL AND COMPUTER ENGINEERING

ECE 2026 — Summer 2024

Final Exam
July 29, 2024
ANSWER KEY
NAME: GT username:
(FIRST) (LAST) (e.g., gtxyz123)

Important Notes:

(¢]

o

(¢]

Closed book, except for three double-sided pages (8.5” x 11”) of hand-written notes.

No calculators or other electronics (no smartphones/readers/watches/tablets/laptops/etc.)
JUSTIFY your reasoning CLEARLY to receive partial credit.

Express all angles as a fraction of . For example, write 0.17t as opposed to 18° or 0.3142 radians.

You must write your answer in the space provided on the exam paper itself.
Only these answers will be graded. Write your answers in the provided answer boxes.

Do not write on the backs of pages, only the fronts will be graded.

Problem | Points Score
1 10
2 10
3 10
4 15
5 10
6 15
7 10
8 10
9 10

TOTAL: 100

©
=3
°

—_ IR

sin(0) 0

IS
e oy fera 80

w
|ty i foia g
I~

cos(0) 1




PROB. Su24-F.1.

(The two parts of this problem are unrelated.)

(a) Find values for A > 0, F' > 0, and ¢, €[ 0, 0.01) so that:
z(t) = Acos(120m(t — t,)) + 26cos(2nFt)cos(86mt)

is periodic with a fundamental frequency of 26 Hz.

z(t) = Acos(2n(60)t — 120mt,) + 13cos(2m(43 — F)t)
+ 13cos(2m (43 + F)t)

cancel when F'= 17 and A = 13 and 1207nt, = m,

leaving only a 26-Hz sinusoid

(b) Find the smallest positive integer M and the corresponding value of B so that
the following is true for all time ¢:

Bsin(nt) = Z;]:/[:O cos(n(t - E))

Corresponding phasor equation:

M .
o —jk0.25%
9B = Zk:o e

Since the LHS phasor for —j B points straight down, we need
M = 4 in order for the RHS sum of phasors to also point straight down:

M=1:

N

A M= 2:A M= 3:A

\\ //\\ //\\
\ / \ / \

y \ / \ /

e e MY

: TR

. 1 . . 1 .
—~ iB=1+ 2(1-4) - L1 n-1
j + ﬁ( 7) J+ﬁ( 7)

M

Ve

A= 13 >
>0
F= 17 Hz,
>0
. 1
0= 120 sec.
€[0, 0.01)
M = 4 !
>0
B=| 1+,/2

4: A




PROB. Su24-F.2. Consider the MATLAB code:

fsamp =/ 9000 |;
T - 6 |
D =| 6000 |;
E =| —4000 |;
F = 0.5 |
t = 0:(1/fsamp) : T;
X = T*sin(D*t + E*cos (2*pi*F*t) + T);

spectrogram(x, 300, [],1le4, fsamp, 'yaxis') ;

Specify numerical values for the unspecified parameters so that
running the above code produces the following spectrogram:
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PROB. Su24-F.3.

1 1

-17 -15

(a)

(b)

(©)

Consider the signal (¢ ) whose spectrum is shown below:

-12 12 15 17 f [Hz]
Suppose we sample this signal with (1) IDEAL z[n] IDEAL y(t)
sampling rate f,, and then feed the ——{ CtoD > D-to-C >

. CONVERTER CONVERTER
samples to an ideal D-to-C converter
(with the same f, parameter), producing a | S fi=1 /TS—+
continuous-time output y( ¢ ):
In order for y(t) = z(t), the sampling rate must satisfy f; > 34 Hz.
frax = 17 Hz
The largest sampling rate for which y(t) is a constant is f, = 1 Hz.
x( }71) = constant = + = a period = =
s s 0
= largest f,is fundamental f, = f, = ged{12, 15, 17} =1
When f, = 5 Hz, the output has the form y(¢) = B + Acos(2nf;t + ¢)
where (in standard form):
B = 2 ;
y(t) = 2cos(2n(12 — (2)(5))t)
+ 2cos(2m(15 — (3)(5))t) A= 4 :
+ 2cos(2n(17 — (3)(5))t) =0
= 4cos(2m(2)t) + 2 fo= 2 ol
¢ = U
e(-m, n




PROB. Su24-F.4. Consider the following cascade of six first-difference filters:

el Tesr | [ erer | I mmst | [ st | [ mest | [ emer Y7
DIFFERENCE | DIFFERENCE ™| DIFFERENCE ™| DIFFERENCE ™| DIFFERENCE | DIFFERENCE
Y == === = = Y= . = Y=Y= === |
(a) The dc gain of the overall system (indicated by the dashed box) is 0

(b) Which of the following best describes the overall filter? [ LPF BPF ][ NOTCH |[ ALL-PASS |.

(circle one)

(¢) The impulse response of the overall system (indicated by the dashed box) satisfies:

1 -1 h[0] = 1]
-1 1
1 -2 1 A1 = -6 P
-1 2 -1
h[2] = ,
1 -3 3 -1 2] 15
-1 3 -3 1
hBl=| -20 |
1 -4 6 -4 1
-1 4 -6 4 -1
hl4] = 15 )
1 -5 10 -10 5 -1
-1 -10 10 - 1
SR Msl=| -6 |
1 -6 15 -20 15 -6 1
hl6] = 1

(d) Ifthe output satisfies satisfies y[n] = 0 for n < Oand y[0] = y[1] = y[2] =1,
then the input at time 2 must be:

Convolving {z[0] z[1] z[2] ... } = {a bc... } with h[n] z[2] = 28
yields {111... }:
a(l 1 || -6]|| 15 )
b ( 11| -6 )
¢ ( 1 )

/L 1JLl1JL 1& )

=c—42+ 15 = c=28



PROB. Su24-F.5. Consider an LTI filter defined by the difference equation:

yn] =z[n]+ z[n-1] + Bz[n-2] + z[n - 3] + z[n —4].

If the output in response to the sum of sinusoids z[n ] = cos(0.5nn) + cos(2nn/3)
is y[n] = 0 (for all n), then it must be that:

B =
Null0.5r = [1 —2cos(0.5m) 1] = [1 0 1]
Null 2n/3 = [1 —2cos(2m/3) 1] = [1 1 1]
Null both = convolve: 1 o 1
1 0 1
1 0
11 2



PROB. Su24-F.6. Shown below is the real-valued frequency response of an LTT filter:
H(e®)

—T
TRUE FALSE

(@) [ ][] The filter is FIR. Both dc and 0.4w are nulled: 0.5 + 0.5cos(0.47n)

w—
0.1 0.3 0.5 0.7

T

®

—
(b) Give an expression for the filter output y[n ] when the filter input is 2[n] = (cos(0.2nn))*

ylnl=| 0

(simplify as much as possible)

Specify numerical values for the constants { A, B, ... Q} so that the impulse
response h[n | can be written in any of the following four different ways:

(A=
. B =
(c) h[n] = A%ﬁlﬁ)(cos(&m) + Cos(Dnn)): <
C —
\ D =
E =
(d) h[n] = E%;;ﬂzCOS(OQRH)COS(OAﬂ:n)Z
F=
(G-
H—
(©) hin] = sin (G7n) n sin(Hnn) _ sin(Jrn) _ sin(Knn). <
Tn nn nn Tn
J =
\ K-
I —

sin(Prn) sin(QTcn))
n n

() h[n] = L( cos(0.4mn): { P =

0.1

0.2

0.6

0.1

0.7

0.3

0.5

0.1

0.3

0.1

9
> (SWAP OK)



PROB. Su24-F.7. Let {X[0], X[1], ... X[15]} be the 16-point DFT of
a length-four signal segment {z[0], z[1], z[2], z[3]}.

Find [ 0] through z[3] if the locations of the DFT coefficients
in the complex plane are as indicated below, all on a circle of radius 2,
satisfying X[ k]'® = 2 for all k:

Hint: Direct brute-force calculation not recommended without a calculator!

AIm{ -}
X4
X9 - — o e 15
X[14] -~ ~ $X[10]
/ AN
/ 7T T < 11\\
| 7 \
X8} ( S o1
"\ \ / rI' - Re{ -}
\ \ \{a /
\ AN cy/(@
X[].?)]b\ N - _|_ /§ /JX[].l]
\ /
x[2f _ex]6]
~N e
x(77 - e - X1
7f i 1]
X[k] = 2¢77C™/MG) where N = 16
Hint: All are real,
all are integers.
From DFT table: z[0] = 0 :
8[n—no] e~/ @7k /N)ng
z[1] = 0 ,
2] = 0 ,
= xz[n] = 28[n — 3] z(2]
z[3] = 2




PROB. Su24-F.8. Consider the following serial cascade of a pair of LTI systems:

r.—- - - — - - - - - —/ —_— — — 1
z[n] | LTI yin] = xy[n] LTI | y[n]
T || SYSTEM#1 > sysTEmM#2 [
L —  __ . .  —— |
hy[n] Hy(e™®)
1
« The first system has impulse response h;[n] = 0.2" 'u[n —1]. :>H1( Z) ~ 1_092s1

* The second system has frequency response H,( eja)) =15 + Ae %® 4 Be ¥®,

where A and B are real but otherwise unspecified. =H,(z)=15+ A 714 By?
Let h[n ] denote the impulse response of the overall system (dashed box),
so that its Z transform H( z) is the overall system function.

Find A and B so that the pole-zero plot for H( z) is as shown below,
with two poles at the origin and a single zero at —2/3:

Im{z} A
P -
e
/ A \
/ \
/
\
/ (2) z+2/3
o | =
| ,‘; X | Re{z} :>H< Z) G( 22 )
\ 3 /
\ A
\ }@\@
N o~
< | _-s

z2+2/3\ 27! -1 ~2
= G( ) ——-——————170.22_1(15—1—Az + Bz™)
= 152> + Az+ B= G(z + 2/3)(z - 0.2)
= 15(z + 2/3)(z - 0.2)
= 152> + 7z — 2 A= 7 ,




PROB. Su24-F.9.  Shown on the right are the pole-zero plots for 15 LTI systems, labeled A through P.
Shown on the left are the corresponding magnitude responses | H(e’®)|, but in a
scrambled order. Match the pole-zero plot to its corresponding magnitude response
by writing a letter (A through P) in each answer box.

>2< (5)
Im{z} % O
X *H
X (5)
X Okrery
X
X X
0O I
X, ©
O
O X
S J
(2)x
S) O O
(4)x
D y O OK
X
oL
X
%
(5) (59 ))<<
O X
%% X
X X
NORe
9,
O X
@) M
O
X0
O o o
(2)
X
G
o N
o% Lo

X
X
X
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