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Solutions v1


Problem F.1:
Sampling and Aliasing

o
zc(t) Com{erter zln]
I Ts = 1/ fs

For the following questions, refer to ideal sampling system above.

(a) For a sampling frequency of f; =400 Hz and
x(t) = cos(300 - 2t + 7/3),

determine z[n)].

XCn) =cos( %55 2Tn+ £
Jsintd ) =cos(o.sT _I>
( Nt )( S h 3

(b) Suppose
z(t) = cos(400mt + m/2) + cos(200mt + /2)

determine one value of f, such that z[n] =0..

£ =200MH>
XCn) = cos(2mn+L Y +cos(nn+L)
= &

(c) Suppose, as in part b,
z(t) = cos(400mt + 7/2) + cos(200mt + 7/2)

determine a general equation for all values of fs such that z[n] =
Yo T 0o
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Problem F.2:
DFT Properties

(a) Suppose the DFT, X [k], of a sequence x[n] below, is real. Thatis, X*[k] = X[k] fork=0,...,7.
Can the unknown values of z[n] be determined? If yes, give the missing values. If no, then justify
your answer.

{1,7,2,7,1,6,5,7}

(b) Given an unknown length-5 real sequence x[n] with a corresponding 5-point DFT coefficient
sequence X [k] = {0, 1, j,—j, 1}, determine z[0].

(c) If Xg[k] is the 8-point DFT of a sequence {a,b,c,d,0,0,0,0}, Express X4[k], the 4-point DFT,
of the sequence {a, b, c,d} in terms of Xglk].



Version 1 for Problem 2

(a) Since X*[k]=X[k], i.e. being real for all &, the IDFT of X[k] will also be conjugate symmetric,
i.e., x[N-n]=x*[n], but x[n] is real, so we have x[N-n]=x*[n]=x[n]. This can also be shown:

x[n] — iN_l X[k]e./znkn/zv _ LN_IX*[k]ejznkn/N.
N N2 :

1 . ) 1 At )

X[N —n]=— S X[k]e/2 NN _ LN y[f]e 2N
N £~ N £

1 N-1

soX [N —-n]= N X' [kle”>™ " = x[n] = x[N —n].

Therefor if x[n] = {1; 7; ?; ?; 1; 6; 5; 7}, then the missing x[2]=x[8-2]=5, and x[3]=x[8-3]=6.

(b) The IDFT of an N-point DFT sequence, X[k], can be evaluated as:

1 - j2mkn/N .
x[n] = ~ 2) Xlk]e ;
1 N-1
so x[0] = ~ 20 X[k].

Therefor if x[n] = {0; 1; j; -j; 1}, with N=5, then x[0]=2/5.

(c) Recall that zero-padding of a sequence, x[n] = {a; b; c; d}, to y[n] = {a; b; ¢; d; 0; 0; 0; 0},
produces the same DTFT for both x[n] and y[n]. Therefore, with 8-point DFT that samples the
DTFT of y[n], we end up with twice the number of points than that for a 4-point DFT of x[n].
Since there are four sample falling on top of each other, we can deduct that X[k] = Y[2k], for
k=0, 1, 2, and 3. This can also be proved as follows:

YK = X,[K) = 3 plnle™"

3

.
and X[k] = X,[k] = ZJC[i’l]ejZ”k"/4 = 2 y[nle*™4;

n=

therefore X ,[k] = X, [2k].



Problem F.3:

Frequency Response

Below are the pole-zero plots of the z-transforms (H(z)) of four discrete-time systems. On the
following pages are plots of magnitude frequency responses (‘H(eﬂw)‘) and impulse responses (h[n]).
The numbers on the pole-zero plots represent the multiplicity of the poles and zeros. For each pole-zero
plot, enter the letter of the matching frequency response and impulse response respectively. If it is
helpful, you can tear the next two pages out of the exam to facilitate comparison, but turn them in with
your exam.

Frequency Response Impulse Response
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Problem F.4:
Frequency Response

Pick the correct frequency response characteristic and enter the number in the answer box:

(2) Mol = F5oodln =k __
Oty A
I

|H(ej‘:’)]2 =2+2cos(w) (mag. squared)

oy 1
(2] He =

(b) H(z)=1+z""+2 242734274 @ H(e?®) = e79%(1 + 2 cos @)

5

(c) hln] = (=3)" uln]
A

(d) Hz)=1+z"1+272

>

(e) yn = filter([1,1],1,xn)

\

(f) yln] = 3yln — 1] + z[n]

A

{/\~

QH( J“)“‘l——]w

5. H(e¥)=1-1e™9%
6. LH(eW®)=—20
H(ejw) sin 2@ 2w e—J1.50
sin Ew

0. H(e) = gnf
Phad

H(e3%) = 2e792 (1 + cos & + cos 20)



Problem F.5:

Frequency Response

yi[n] =x2[n]‘

x;/n] —_5| System1 System2 |5 y,/n]

Two systems are connected in cascade, as shown in the figure above. The first system is described by
the following difference equation:

y1[n] = z1[n] + biz1[n — 1] + z1[n — 2]
The second system is described by the following difference equation:
y2[n] = azy2[n — 1] + 22[n]

(a) Write an expression for H(z), the system function of the overall cascade system.

(b) When the input to the system is the following:
zi[n] = 2(—1)" — cos(mn/5+ 7 /4)

the corresponding output of the overall system is:

Determine the numerical values of b; and as. Show enough work to make it clear how you arrived
at your final answer. (Hint: Start by computing b; based on the fact that one of the input
components is missing from the output.)



Problem X

y1[n] =Xz[”l]‘

x;/n] —_5| System 1 System2 |5 y,/n]

Two systems are connected in cascade, as shown in the figure above. The first system is described by the
following difference equation:

y1[n] = z1[n] + bizi[n — 1] + z1[n — 2]
The second system is described by the following difference equation:
y2[n] = azyz[n — 1] + x2[n]
(a) Write an expression for H(z), the system function of the overall cascade system.
(b) When the input to the system is the following;:
x1[n] = 2(=1)" — cos(mn/5 + w/4)

the corresponding output of the overall system is:

Determine the numerical values of b; and as. Show enough work to make it clear how you arrived at
your final answer. (Hint: Start by computing b; based on the fact that one of the input components
is missing from the output.)

Solution

(a)

1+ biz7t 272

H(2) 1—agz~1
(b)
0 = 1+4be ™% 4¢e927/5
o e

= —2cos(m/5) = —1.618
1—-bi+1 35

H-1) = ——=—=175
( ) 1 + as 2
l4+ay = (2—b1)/1.75 = 2.067
az = 1.067



Problem F.6:

Frequency Response

Consider the following system for discrete-time filtering of a continuous-time signal.

Ideal s LTl Ideal
—_ Cc/D - > ystem > D/C —
ze(t) Converter z[n] H(z) yln] Converter Ye(?)

P E

The system function, H(z), of the discrete-time IR system can be derived from the difference
equation
yln] = —0.8ay[n — 1] — 0.64y[n — 2] + z[n] + azn — 1} + z[n — 2].

(a) For a = 1, determine the poles and zeros of the system and plot your answer on the following

pole-zero plot. F/( ): [+ 427"+ 2 ¢ (Z? Z,)(Z Zg,) ('z’z %Zq Afc
| [ +O8xz ™"+ 0627 W#") /Z,,.f *‘ms)
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2 20452, 52412 z2yoexz+0¢Y

(2= %S 377 42—,-nkco,~(~/):gr
[2p(= 08 %Zép} ~OYx =60 [ 2= ¢ (j}z

277/ 7}
20 [oafions ! /C ? é -

/00/5 [ocatTons!

(b) This system is a notch filter with the null frequency determined by «. Sketch the magnitude
frequency response of this system for « = 1 over —m < @ < 7.

n(e )|

[.23 111
f— >0
B 7



ve Z.

(c) For a sampling rate of f; = 2000 Hz, determine a new value of « so that the system will null out
a frequency component at 500Hz.

07/'-' ‘71,
-~ S0 _ g - V7 = @&fe’7
Cbtt = 27 om0 = 3 = C %= O

/&{Zz}: "é’i:O = |x=0



Problem F.7:

Basic Concepts

{a) Find a real, positive amplitude A and a phase ¢ between —7 and 7 so that the following equation

is true:
x Acos(brt — 7/4) — sin(6xt + ¢) = cos(6nt).
_j_ N~
o QA -l Asp

=
~SAtEY <0 po

(b) What is the instantaneous frequency of the following signal at time ¢ = 47

z(t) = 4cos(2nt + 37V + #/5)
wtu):ji QAARE % ) t %{i
A t2
Wi(+2%) = Zl‘f"é{': 295 (‘“I%@(

Fiit=y =3 wildzy) = 1375 He

(c) Suppose z{t) = |cos(2m - 300t)|. What is the the fundamental frequency of z(¢) in Hertz? (Be
sure to notice those absolute value barsl)

bvo Hi




(d) Sketch the spectrum (not spectrogram) of the following signal.

z(t) = (1 + 0.5 cos(20mt)) cos(200mt + 7/3)

= (e (20074 V(/S)'f”cjf Coy(1§eR 4 +%)f# COS[QZ%H%)
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(e) What is the length of y[n] = z[n] * hA[n] if z[n] and h[n] have lengths 19 and 47 respectively?

94 47 -1 = 6S

(f) Given H(e™) = =Ly, find a simplified expression for |H(e/%)|. (There should be no ;s in
your answer since it is a magnitudel)
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