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LO1:M-3pm (McClellan) L09:Tues-3pm (Chang) LO2:W-3pm (Zhou) L10:Thur-3pm (Taylor)
L03:M-4:30pm (Fekri) L11:Tues-4:30pm (Chang) L04:W-4:30pm (Zhou)
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e JUSTIFY your reasoning clearly to receive partial credit.
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If space is needed for scratch work, use the backs of previous pages.
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PROBLEM sp-06-F.1:

(a) An ECG signal is (more or less) periodic. If we ignore small variations and assume that the ECG
signal is exactly periodic, then it could be represented as a Fourier Series. For the ECG signal below,
determine the fundamental frequency(in Hz) that would be used in the Fourier Series. Make accu-

rate estimates from the plot.
T

|
2 3 4 5 6 7 8
Time (secs)

(b) Suppose that a signal s(¢) is periodic and is represented by the following Fourier Series:

5

S(t) — Z akejZ()T[kt

k=—5

i.e., the sum contains a finite number of terms. Determine the Nyquist rate (in Hz) for sampling s(¢).

Nyquist rate = Hz

(c) Suppose that the signal x(¢) is an FM signal defined via:
x(1) = he {exp{ jceM }}

over the time interval 0 < ¢ < 10 secs. Let the parameters be C = —32007 and A = —0.25. Use
the instantaneous frequency, f,(¢) (in Hz), to determine the Nyquist rate (in Hz) for sampling x ().

Nyquist rate = Hz




PROBLEM sp-06-F.2:

A cascade of linear time-invariant systems is depicted by the following block diagram:

x(1) LTI System #1 w() | LTI System #2 y(®)
Running Integral - ho (1)
e hao(t) = V18t — 4) — V/78(t — 9)
w(t) = / x(t)dt

—0o0

(a) Determine the impulse response of the first system.

(b) Determine the overall impulse response for this cascade of two systems. Give your answer in the
simplest possible form.

(c) The overall frequency response of this system, H (jw), is zero for infinitely many values of w. Derive
a general formula that gives all the zeros of H (jw). Explain.



PROBLEM sp-06-F.3:

The transmitter system below involves a multiplier followed by a filter:

X(jw) x(t) v(t) |LTISystem | w(r)
—>

S h(t)’ H(](U)

= L
+ >

—b 0 b w p(t)

The Fourier transform of the input is X (jw). In all parts, assume that p(¢) = cos(100x¢), and b = 30rx.

(a) Make a sketch of V (jw), the Fourier transform of v(¢), when the input is X (jw) shown above.

V(jw) | Label Carefully
6 Zu (in rad/s)
0 lo| < 1007
(b) If the filter is an ideal filter defined by H (jw) = { e/“/°% 1007 < |w| < 1507
0 |lw| = 1507

Make a sketch of | H (jw)|, the magnitude of the Fourier transform of the filter.

|H(jw)l Label Carefully

0 o (in rad/s)

(c) Using the filter from part (b), make a sketch of |W (jw)|, the magnitude of the Fourier transform of
the output w(¢), when the input is X (jw) shown above.

IW(jw)l Label Carefully

0 w (in rad/s)




PROBLEM sp-06-F.4:

The diagram in Fig. 1 depicts a cascade connection of two linear time-invariant systems, i.e., the output of
the first system is the input to the second system, and the overall output is the output of the second system.

LTI LTI
ﬂ»‘ System #1 win] »  System #2 ‘—>y[n]
hi[n] ha[n]

Figure 1: Cascade connection of two discrete-time LTI systems.

9772 — 9773
In all parts, assume that System #1 is an IR filter described by the system function: H;(z) = %
J— Z_

(a) When the input signal x[n] is a unit-step signal, determine the output of the first system, w[n].

(b) If the difference equation of the second system is
ylnl = yln — 11+ 2w[n]

Determine the overall system function, H(z), for the cascade. Simplify the expression for H(z) to
have the lowest degree polynomials in the numerator and denominator.

(c) When the input signal x[n] is a unit-impulse signal, the output y[n] of the overall cascaded system is:
yln] =é[n — 2]

From this information, determine the system function H,(z) for the second system. Simplify your
answer. Note: H,(z) obtained in this part will be different from part (b).



PROBLEM sp-06-F.5:

Pick the correct frequency response characteristic and enter the number in the answer box:

Difference Equation or Impulse Response Frequency Response
1. |HE'®)| =2
(a) filter(1,[1,-0.5],xn)
ANS = . 1
2. H('?) = — T
1 I —3e7®
(b) hln] = (—3)"uln]
ANS = 3. H(e'®) = e 72(1 + 2 cos(d))
© y[nl=—3y[n — 1]+ 2x[n] + x[n — 1] A .
4. HE") = ———
ANS = 1+ ze‘-""
(d) conv(ones(1,3),xn) 5. H(ej‘?’)=1+%e_j‘:’
ANS =

3 6. LH(e'®) = =36
(e) hln]l =Y 8[n —k]
k=0

ANS = 7. H(e'®) = sin 2é o156
sin(3&)
() y[nl = x[n — 114 2x[n — 3] + x[n — 5]
. sin @
ANS = 8. H(e!*) = —+—
sin(; )




PROBLEM sp-06-F.6:
For each of the following time-domain signals, select the correct match from the list of Fourier transforms
below. Write your answers in the boxes next to the questions. (The operator * denotes convolution.)

0

() x(t) = e Y / 8(t — ddr

—00

(b) x@®)=ul—3)—u(@—-25)

() x() =8¢t +2) ke Flu(t — 1) %8t — 1)

(d) x()=46@)—6(@—218)

(e) x(t) = cos(mwt)é(t — 4)

t

i) x() = / e "TT8(r — 4)dt

—00

(€9) x(t) = —e'u(t) + 8(1)

Each of the time signals above has a Fourier transform that can be found in the list below.

o
1] X(jw) = 1o
1
[2] X(jo) = 1o
) efj4a)
Bl X(jow) = T o

[4] X(jow) = j2e /% sin(4w)
[51 X(jow)=0

[6] X(jw)=e /%

(7] X(jw) = 2¢—0 S0
w
) _sin(4a))
B X(jo) == "

[9] X(jo)=e*[n8(w —7) + 78(w + 7)]

[10] X (jw) = e /* [u(w) — u(w — 8)]



x0 | ldeal x[nl Sygém yiml | ldeal ! 0!
: Converter H(2) Converter :
1 T T 1
l T =1, T = 1!
Hei(jow)

In all parts below, the sampling rates of both converters is equal to f, = 180 samples/sec, the LTI system
is an IIR notch filter described by the difference equation:

y[n] =09y[n — 1] — 0.81y[n — 2] 4+ 2x[n] — 2x[n — 1] 4+ 2x[n — 2]

and the input signal x (¢) is a periodic signal whose Fourier Series is

6 1/7‘[ k # 0
x(1) = Z ared 207K yhere gy = { 1+ K2
k=0 0.3 k=0

(a) Determine the poles and zeros of the LTI system, and give your answer as a plot in the z-plane.
A iz

(b) Using the periodic input signal given above, determine the DC value of the output signal, y(¢).
DC value =

(c) Thefilter, Hor(jw), defined above is a notch filter—Ilike the one used to remove sinusoidal interference
from an ECG signal. For the periodic input signal x(¢) given above via its Fourier Series, determine
which terms in the Fourier Series will be removed completely, i.e., nulled, by the notch filter. Explain.

Indices of terms removed, k =
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2 3 4 5 6 7 8
Time (secs)

If we estimate the period as the time between the peaks at ¢+ = 4.8 secs and ¢ = 6 secs, then
the fundamental frequency in Hz is fop = 1/1.2 =5/6 = 0.8333 Hz.

The highest frequency term in the summation is wmax = (5)(207) = 27 (50) when k = 5.
The Nyquist rate is two times the highest frequency, 80 fNyquist = 2(50) = 100 Hz.

The instantaneous frequency is the derivative of ¥ (1) = Ce*, so

=9 {—32007te_0'25t} =

1 —0.25¢
= - ((—0.25)(—32007r)e ) Hz

The instantaneous frequency, f;(¢), is an exponential that is decreasing. Therefore, over the
time interval, ¢ € [0, 10], the highest frequency occurs at ¢t = 0, and we get

(—=32007)(—0.25) 0—025(0)
2

fi(0) = = 400 Hz

The Nyquist rate is two times the highest frequency, so fnyquist = 800 Hz.



The impulse response response of a running integral is a unit-step signal; in this case, the
upper limit of the running integral causes a delay of 2 secs, so

t—2

hi(t) = /6(r)dr:u(l—2)

—00

Since the first system does the running integral, and we are given the impulse response of
the second system, we can invoke the LTI property that says we can swap the ordering of the
cascade. Then we can do the running integral of /,(¢).

t—2 t—2
h(t) = / hy(t)dt = / (ﬁa(f —4) —V75(r — 9)) dt = VTu(t — 6) — Tu(t — 11)

Note: the integral of the unit-impulse signal, §(¢), is the unit-step, u(z).

In this cascade, the overall frequency response is the Fourier transform of 4 (¢), which is a
rectangular pulse that starts at + = 6 and ends at + = 11. The center of the rectangular
pulse is at = 8.5, so the frequency response is a “sinc” function multiplied by a complex
exponential:
sin(Sw/2) -850

w/2
The zeros of H(jw) are the zeros of a “sinc” function, so we get zeros of H(jw) when the
sine function in the numerator is zero:

H(jw) =1

2k
Sw/2 =rk = W= 5 except for k = 0.

1.e., w = 0 1s NOT one of the zeros because the denominator also zero at w = 0.



X(jw) x(1) v(t) | LTISystem | w(z)
h(t), H(jw)

—b 0 b w p(t)

Frequency shifting: V (jo) = 3X (j (@ + 1007)) + $X (j (@ — 1007))

V(jw)
M 0.5 I\/‘
—130r —-100r —70m 0 701 1007 1307 Fa)
The magnitude of e=/¢/3% is one.
|H(jw)]
— 1507 —1007 0 1007 1507~

Filtering: W(jw) = H(jw)V (jw) implies that |W (jw)| = |H(jw)| |V (jw)|

W (jw)l

N o /]

—130r  —1007 0 1007 1307 Tw




PROBLEM sp-06-F.4:
The diagram in Fig. 1 depicts a cascade connection of two linear time-invariant systems, i.e., the output of
the first system is the input to the second system, and the overall output is the output of the second system.

x[n] LTI w(n] LTI y[n]
———{ System #1 » System#2 |—»
hi[n] hs[n]

Figure 1: Cascade connection of two discrete-time LTI systems.

9772 — 9773
In all parts, assume that System #1 is an IIR filter described by the system function: H,(z) = g =

(a) When the input signal x[n] is a unit-step signal, determine the output of the first system, w[n].

If the input is a unit-step signal, then its z-transform is X (z) = P The output z-
-z

transform is

9Z_2 _ 9Z_3 1 9Z_2
(2) = Hi(2) X (2) [ _ 21 (1 — z‘l) 1—2z71

Then the inverse z-transform gives w[n] = 9(2)" _zu[n —2].
(b) If the difference equation of the second system is
y[n] = y[n — 1] + 2w(n]

Determine the overall system function, H (z), for the cascade. Simplify the expression for H (z) to
have the lowest degree polynomials in the numerator and denominator.
The overall z-transform is the product H(z) = H;(z) H2(z), and the z-transform of the sec-

ond system is H>(z) = so we get

1 —z7V

H(z) = Hi(2) H2(z) =

9272 -9z ( 42 \ 18772
1—2z70 \1—z71)  1-2¢71

(c) When the input signal x[n] is a unit-impulse signal, the output y[n] of the overall cascaded system is:
y[n] = 8[n — 2]
From this information, determine the system function H,(z) for the second system. Simplify your
answer. Note: H,(z) obtained in this part will be different from part (b).

In order to find H,(z) we use the z-transform and divide. Starting with Y (z) = H;(2) H>(2) X (2),
and the facts that the z-transform of x[n] = §[n] is X(z) = 1 and y[n] = §[n — 2] is
Y(z) = 772, we get

Y() -2z  1-277!
Hi()X(z)  9272-9z73 91—z

Hy(z) =



ANS =2

ANS =4
ANS =1
ANS =3

ANS =6

The MATLAB code filter (1, [1,-0.5],xn) defines a filter whose system function is H(z) =

1 . 1
which then gives the frequency response H (e’“) =

1—0.5z"! 1 —0.5¢— 7@
h[n] = (—%)”u[n] has a z-transform equal to H(z) = m which then gives the frequency
Sz
. 1
response H(e’¥) = ———
P @) 1+ 0.5¢—/®
. " 1+ 2e77®
y[n] = —3yln — 1] + x[n] + 2x[n — 1] has a frequency response equal to H(?) = m
eI

1+ 4+ 4cos(w)

which leads to |H (¢/*)|> = H(e/*)H*(e!”) = <
14+ 0.25 + cos(w)

=4, 1i.e., it’s an all-pass filter.

conv (ones (1, 3),xn) defines a 3-point summing filter so its frequency response can be written
. . N A . hase i sinBw/2) _ ..
as a Dirichlet form, sin(L /®/2)/ sin(@®/2), times an e/P***° term: H(e/?) = —————e™/
sin(w/2)
3 , in(4w/2
hn] = Y 8[n — k] defines a 4-point summing filter so H (e/”) = M
k=0 sin(w/2)

—j1.5&

y[n] = x[n — 1] + 2x[n — 3] + x[n — 5] has a frequency response H(e'?) = e IP 4 20730 4 oI5
which can be rewritten as e /3?(2 4 2 cos(2®)); thus, the phase is £ H (e/®) = —3.



PROBLEM sp-06-F.6:
For each of the following time-domain signals, select the correct match from the list of Fourier transforms
below. Write your answers in the boxes next to the questions. (The operator * denotes convolution.)

0
(a) x(t) = e Y / §(t — 4dydr = X(jw) =0

sin(w)

(b) x@®) =ult —3) —u(t—25) = X(ow)= De—i4

w

1
1+ jo

(c) x() =8t +2)xe lu@—1) %80 —1) = X(ow)=
4l =ssr o 3 X(jo) = j2e 4 sin(dw)

(e) @ x(t) = cos(mwt)d(t — 4) = X(ow)= A

t

—Jjdo
O 120 = / e (T — dydt = X(jo)= 1e+ jo
(&) x(t) = —eTu(t) +68(r) = X(_]CL)) — : ia‘)]a)

Each of the time signals above has a Fourier transform that can be found in the list below.

] X(jo) = Jjo
(Jw) = It o
o 1
2] X(jow) = T o
- efj4w
B8] X(w) = It o

[4] X(jow) = j2e/* sin(4w)
[51 X(jw)=0

[6] X(jo)=e /"

sin(w)

[7] X(jw)=2e/*
w

sin(4w)
w/2

[8] X(jow) =

9] X(jo) =e /*[n8(w— 1)+ n8(w + )]

[10] X(jo) =e7* [u(w) — u(w — 8)]



A Smiz The difference equation can be converted to the
© z-transform system function:
2—2771 42772
Hz) = 1 )
1-09z7"40.81z
Ne{z}
from which the poles and zeros are obtained:
5 poles = 0.9¢+/7/3 zeros = e+J7/3

The DC value of the input signal is the value of the Fourier Series coefficient ag, which is
ap = 0.3. When filtered by H (z), the DC value is multiplied by the frequency response at
@ = 0, or equivalently, by H(z) at z = 1. If we denote the DC value of the output signal by
by because y(t) also has a Fourier Series representation, then we get

2-2+2 )_(Q@@)

= = 0.6593
—-0.9+0.81 0.91

%=%mm@=@@<1

The null is determined by the fact that the system function H (z) has its zeros exactly on the
unit circle. The angles of the zeros (£ /3) give the locations of the nulls in the frequency
domain at ® = £/3. We must then convert the “digital frequency” @ to “analog frequency”
via

w = bfs rad/s
Thus the notch filter will completely remove the analog frequencies w = £607 rad/s. Since

the fundamental frequency is wg = 207, the terms removed from the Fourier Series are the
ones at the indices k = 607 /207 = £3.





