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A Low-Complexity Upgrade of the Linear Detector for
MIMO Channels via Partial Decision Feedback

Deric W. Waters, Member, IEEE, and John R. Barry, Senior Member, IEEE

Abstract— The BLAST-ordered decision-feedback (BODF) de-
tector is a nonlinear detection strategy for multiple-input
multiple-output (MIMO) channels that can significantly outper-
form a linear detector. However, for some applications even
the BODF detector is too complex. We propose the partial
decision-feedback (PDF) detector, a stripped-down version of
the BODF detector that only feeds back one decision. The PDF
detector performs close to the BODF detector, with complexity
comparable to the linear detector. For example, over a 3-input
3-output Rayleigh-fading channel with 64-QAM inputs, the PDF
detector is 21% less complex than the BODF detector, yet requires
only 0.33 dB more average signal energy to reach a bit-error rate
of 107°.

Index Terms— Decision-feedback, MIMO, linear detection,
low-complexity MIMO detector.

I. INTRODUCTION

ULTIPLE-input multiple-output (MIMO) communica-

tions systems have attracted a flurry of research re-
cently because of their promise of high spectral efficiency and
spatial diversity [1]. The high complexity of MIMO detection
is a practical bottleneck to realizing a MIMO communications
system. For example, the maximum-likelihood (ML) detector
is not practical at high data rates, because its complexity grows
exponentially with the spectral efficiency and the number of
channel inputs. Even the low-complexity linear detector —
which simply inverts the channel — can be a challenge to
implement in real-time.

Many MIMO detectors have been proposed to close the
performance and complexity gaps between the linear and ML
detectors. For example, the BLAST-ordered decision-feedback
(BODF) detector [2] can significantly outperform the linear
detector. The BODF detector may be implemented in two
stages, where the first stage is the linear detection filter [3]—
[5], and the second stage is a noise-prediction mechanism that
reduces noise variance. Another low-complexity detector is
the group detector [6]-[8], which divides symbols into two
groups, and then detects the first group using ML detection.
After cancelling the interference due to the first group of
symbols, the second group of symbols is detected using a
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suboptimal technique. Finally, in contrast to the decision-
feedback detector, the partial feedback multiuser detector of
[9] cancels the interference of only a subset of available
decisions. It first divides the users into groups according to
their signal energies. Then, the detection strategy for each user
group is different, but a given user always uses every decision
from stronger users for interference cancelation.

In this paper we propose a new method for improving
upon the linear detector called the partial decision-feedback
(PDF) detector. When computations are at a premium, for
example to avoid burdening a small portable receiver, even
the BODF detector may be too complex to implement. In such
applications, the PDF detector offers a way to improve upon
the linear detector with much less additional complexity. Like
the BODF detector, the first stage of the PDF detector is also a
linear detection filter. The second stage is a simplified noise-
prediction mechanism that attains most of the performance
improvement achieved by the BODF detector, while adding
significantly fewer computations. In fact, in the limit of high
signal-to-noise ratio (SNR), the word-error rate of the PDF
detector converges to that of the BODF detector. The PDF
detector can also be viewed as a variation of the group detector
where the first and second groups are both detected using
linear detection. In this paper we focus specifically on the case
where the first group contains only a single symbol. The PDF
detector differs from the partial feedback multiuser detector
not only in how it orders the users, but also because it removes
the interference from only a subset of the stronger users.

The remainder of this paper is organized as follows. In
Section II we describe the PDF detector. In Section III we
describe the complexity of the PDF detector. In Section IV we
compare the performance and complexity of the PDF, BODF,
and linear detectors. Finally, in Section V we make concluding
remarks.

II. PARTIAL DECISION-FEEDBACK DETECTION

This paper considers a memoryless flat-fading MIMO chan-
nel with N inputs @ = [ay,...,ay]T and M outputs r =
[r1, ..t

r = Ha 4+ w, (1)

where H is a complex M x N channel matrix, and where
w = [wi,...,wy|" is additive white noise. We assume that
the columns of H are linearly independent, which implies
that there are at least as many outputs as inputs, M > N.
We assume that the noise components are uncorrelated with
complex variance o2, so that Eww*] = o021, where w*
denotes the conjugate transpose of w. Further, we assume that
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the inputs are chosen from the same unit-energy alphabet A
and are uncorrelated, so that E[aa*] = L.
The PDF detector has five steps, as outlined below:
Step 1:
Step 2:

Apply a linear filter to the channel output 7.
Identify the index ¢ of the symbol to detect
first.

Detect the ¢-th symbol by slicing the i-th
output of the linear filter.

Cancel the interference due to the i-th symbol.
Detect the remaining symbols linearly.

Step 3:

Step 4:

Step 5:
A straightforward implementation of the zero-forcing PDF de-
tector would use the i-th row of the channel pseudoinverse to
detect the i-th symbol, and the pseudoinverse of H(*) to detect
the remaining symbols, where H(?) is the submatrix created
by swapping the first and ¢-th columns of H then deleting
the first column. However, in this section we propose a lower
complexity implementation of the PDF detector based on noise
prediction. We describe this noise-predictive implementation
in a general way that applies to both its zero-forcing (ZF) and
minimum-mean-squared error (MMSE) versions.

Step 1: The PDF detector begins by applying the linear filter
[3] C = (H*H +62I)"'H* to the channel output, where the
parameter 6 € {0,0} determines whether the ZF (& = 0)
or MMSE (6 = o) version of the filter is implemented.
The linear filter can be expressed as C = L~'Q*, where
the matrices L and Q are defined by the following QR
decomposition of the extended channel matrix [10], [11]:

H ~
- >

The (M + N) x N matrix Q, which satisfies Q*Q = I, can
be further decomposed according to [11]:

= Q

= 5 3

Q {QQ 3)
so that Q is defined as the first M rows of Q The N x N
matrix L is lower triangular with positive and real diagonal
elements.

Applying the linear filter to the channel output yields y =
Cr, which reduces to:

y=a—5°U"Ua + U*Q*w, 4)

where U = (L™ 1)*, and where we used the fact that Q*H =
L — 62U. The output of this linear filter is the desired signal
plus an effective noise:

y=a+n, &)

where the effective noise n = [ny,...,ny]T is no longer

white; its autocorrelation matrix is Rnn = 02U*U, since
Q*Q =1-62UU", and 6 € {0,0}. Although n includes a
residual interference term in addition to the noise when ¢ # 0,
we continue to refer to it simply as noise.

It is well known that applying the MMSE linear filter C
to the channel output results in a biased signal. This can be
corrected by left-multiplying y by a bias removal matrix B,
whose i-th diagonal element is 1/(1 — &2||u;||?), where u;
is the i-th column of U. For simplicity we describe the PDF
detector without removing the bias.
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Step 2: We propose choosing i as the symbol with the
smallest noise variance, which corresponds to the first index of
the BLAST ordering. The noise variance of the j-th symbol is
proportional to the j-th diagonal element of the autocorrelation
matrix Ry,, so the index of the first symbol is chosen
according to:

. argmin 12
1_36{172’7]\[}”“]” (6)

Step 3: The ¢-th symbol is detected by quantizing the ¢-th
output of the linear filter to the nearest symbol in the alphabet,
a; = dec{y;}, where dec{z} rounds x to the nearest element
of A.

Step 4: Noise-predictive decision feedback is used to reduce
the noise variance, and is described by the following equation:

2=y —p(yi — @), @)

where p = [p1,...pn]7T is a vector of prediction coefficients.

The difference y; — a; reduces to the noise m; whenever
the decision is correct (a; = a;). The term pg(y; — a;) is
a prediction of nj that exploits the correlation between ny
and n;. Since the i-th symbol is detected first, it cannot
benefit from noise prediction, meaning p; = 0. The k-th
prediction coefficient is chosen to minimize the mean-squared
error (MSE) for the k-th symbol [5], which reduces to the
following when a; is correct:

Bllnk — penil’] = E[|(uj, — pru; )(Q*w — 6*Ua)’]  (8)

= o?||uy, — pjuil?, 9)

where the second equality relies upon the fact that 6 € {0, 0},
and we have substituted n; = u;Q*w — ¢°u}Ua from the
definition of n. From (9) we see that the noise variance is
minimized when the term pju; is the projection of u; onto
the subspace spanned by u;, so the k-th prediction coefficient
is given by:

P = i/ ||uil|* k # i. (10)

Step 5: The remaining symbols are detected by quantizing
the elements of z from (7):

flk :dec{zk},k;éi. (11)

Finally, the PDF detector’s hard decision regarding a; can
be summarized succinctly as:
ka = dec{yk _pk(yi — &1)} (12)
Fig. 1 shows the block diagram of the PDF detector after ¢
and p have been calculated. Fig. 2 describes a computationally
efficient implementation of the noise-predictive PDF detector.
It can be shown that the performance of the PDF detector
converges to that of the BODF detector at high SNR [12].
This is due to the fact that the performance of both detectors
is dominated by the probability of error for the first symbol
detected. Since the first symbols detected by the PDF and
BODF detectors are mathematically equivalent, their perfor-
mances will converge when the overall probability of error is
dominated by the first symbol, which occurs at high SNR.
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Fig. 1. Noise-predictive partial-DF detector.
PDF Algorithm: Input: H, r, & Output: @
= H
2) U= (L) = [ug,..un).
3) forj=1t0 N, e;=]|u;|> end.

_ argmin ,
“je{1,2,...,N}

5) Q = First M rows of Q

4) 1

6) y=U*Q"r.

7) a; = dec{y;}.

8) n, =y; — a.

9) for k # 1,
10) DL = uru;/e;.
11) a; = dec{yy — prn;}.
12) end

Fig. 2. Noise-predictive partial-DF detector algorithm.

III. COMPLEXITY

We quantify the complexity of the proposed detector by
counting the number of real multiplications per symbol period
required to implement the algorithm described in Fig. 2.
Complex multiplications are counted as three real multipli-
cations, and the squared absolute values of complex numbers
are counted as two real multiplications. Although this com-
plexity measure disregards additions, divisions, and square-
roots it is still a reasonable measure of complexity since the
number of multiplications dominates the overall complexity.
Furthermore, the complexity is divided into preprocessing
and core-processing complexities. The preprocessing is the
set of computations that are performed only once for each
channel estimate, while the core-processing computations are
performed every symbol period. We assume that the channel
estimate is updated every L symbol periods. Thus, the total
complexity per symbol period is the sum of the preprocessing
complexity divided by L plus the core-processing complexity.
Although our complexity metric accounts only for multi-
plications, it is worth pointing out that the preprocessing
complexity of the PDF detector requires roughly half as many
divisions and square-roots as the BODF detector.
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Fig. 3. Performance versus complexity for the MMSE versions of the linear,
PDF, and BODF detectors. Results are averaged over 10° N x N Rayleigh-
fading channels where L = 1.

For the implementation of the PDF detector proposed in
Fig. 2, the preprocessing complexity includes lines (1)—(5),
and (10). The core-processing complexity includes lines (6)—
(8), and (11). Continuing our view of the PDF detector as an
add-on to the linear filter, we consider only those computations
it requires beyond the linear detector. Specifically, the linear
detector requires lines (1)—(2) and (6) of Fig. 2 whether or not
the PDF additional processing is used. Therefore, the addi-
tional preprocessing complexity required by the PDF detector
are N2 real multiplications in line (3), and a maximum of
3N?/2 — 5N/2 + 1 real multiplications in line (10) when
1 = N. The additional core-processing complexity of the PDF
detector is only the 3(IN — 1) real multiplications needed at
line (11).

IV. NUMERICAL RESULTS

In this section, we compare the performance and complexity
of the MMSE versions of the linear, partial DF, and BLAST-
ordered DF detectors. We will show that the performance-
complexity trade-off depends on the dimensions of the chan-
nel, as well as the size of the input alphabet. Although it
can be shown that the PDF and BODF detectors converge to
the same performance at high SNR, we will see that there
can be a significant gap at practical SNR. However, even
when the BODF detector significantly outperforms the PDF
detector, the PDF detector still offers a way for the receiver
to significantly improve upon the performance of the linear
detector with a relatively small complexity increase. The SNR
is defined as the received signal energy per signaling interval
divided by the one-sided noise power spectral density at each
receive antenna, divided by the number of bits per symbol,
SNR = E[|Hal|?]/(E[|w]|*|log,|.A|). We assume that the
receiver has perfect knowledge of the channel parameters H
and o2. We measure performance as the SNR required to
reach BER 1072, and the complexity as the maximum number
of real multiplications per symbol period each detector may
require.
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The complexity reduction of the PDF detector over the
BODF detector is greatest for fast-fading channels. For exam-
ple, Fig. 3 demonstrates the performance versus complexity
trade-off between the MMSE versions of the linear, PDF,
and BODF detectors for N x N channels with 16- and 64-
QAM inputs, assuming that the channel estimate is updated
every symbol period (L = 1). Fig. 3 clearly demonstrates that
most of the BODF detector’s performance improvement over
the linear detector is also achieved by the PDF detector, but
with only a fraction of the complexity increase. For example,
upgrading from the linear to BODF detector when N = 3
and the input alphabet is 64-QAM reduces the necessary
SNR by 3.9 dB, but requires 79 additional multiplications per
symbol period. On the other hand, upgrading from the linear
to PDF detector reduces the necessary SNR by 3.6 dB, while
requiring only 22 additional multiplications per symbol period.
Therefore, in terms of the additional complexity required
beyond that of an existing linear detector, the PDF detector
is 72% less complex than the BODF detector. In terms of an
absolute performance-complexity trade-off, the PDF detector
performs 0.3 dB worse than the BODF detector, but is 21%
less complex.

We observe in Fig. 3 that the PDF detector performance is
closer to that of the BODF detector for larger QAM alphabets
and smaller numbers of antennas. On the other hand, the
PDF detector decreases complexity more relative to the BODF
detector as [V increases. The performance gap between the two
detectors is smaller for larger alphabets because they require
operating at higher SNR, where the performance of the PDF
and BODF detectors will converge. For the same reason the
performance gap between the zero-forcing PDF and BODF
detectors is significantly smaller than for the MMSE versions
of these detectors.

V. CONCLUSION

The partial decision-feedback detector combines the strate-
gies of the BLAST-ordered decision-feedback detector and
the linear detector. We have shown that when the goal is
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to upgrade the performance of the linear detector, while
keeping complexity low, the PDF detector offers an attrac-
tive performance-complexity trade-off. In particular, the PDF
reduces the preprocessing complexity, which is important for
fast-fading channels. Specifically, by feeding back only one
decision, the PDF detector incurs a small performance loss
relative to the BODF detector. In addition, the PDF detector
is significantly less complex than the BODF detector. For
example, for a 3-input 3-output Rayleigh-fading channel with
64-QAM inputs, the PDF detector is 21% less complex than
the BODF detector, yet suffers only 0.3 dB of penalty in SNR.
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