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Abstract—In this paper, we study the performance of hybrid
automatic repeat request (HARQ) with incremental redundancy
over double Rayleigh channels, a common model for the fading
amplitude of vehicle-to-vehicle communication systems. We inves-
tigate the performance of HARQ from an information theoretic
perspective. Analytical expressions are derived for the ε-outage
capacity, the average number of transmissions, and the average
transmission rate of HARQ with incremental redundancy assum-
ing a maximum number of HARQ rounds. Moreover, we evaluate
the delay experienced by Poisson arriving packets for HARQ with
incremental redundancy. We provide analytical expressions for the
expected waiting time, the packet’s sojourn time in the queue,
the average consumed power, and the energy efficiency. In our
study, the communication rate per HARQ round is adjusted to the
average signal-to-noise ratio (SNR) such that a target outage prob-
ability is not exceeded. This setting conforms with communication
systems in which a quality of service is expected regardless of
the channel conditions. Our analysis underscores the importance
of HARQ in improving the spectral efficiency and reliability of
communication systems. We demonstrate as well that the explored
HARQ scheme achieves full diversity. Additionally, we investigate
the tradeoff between energy efficiency and spectral efficiency.

Index Terms—Hybrid automatic repeat request (HARQ), incre-
mental redundancy, energy efficiency, delay analysis, information
outage capacity, average transmission rate, average number of
transmissions.

I. INTRODUCTION

IN recent years, there is a growing interest in vehicle-to-
vehicle (V2V) communication systems. Such systems pro-

vide mobility support and a wide range of applications aiming

Manuscript received November 10, 2013; revised March 8, 2014 and June 6,
2014; accepted July 31, 2014. Date of publication August 15, 2014; date of
current version November 7, 2014. This work is an extended version of a paper
presented at the IEEE 73rd Vehicular Technology Conference (VTC-Spring
2011), Budapest, Hungary, May 2011. The associate editor coordinating the
review of this paper and approving it for publication was P. Wang.

A. Chelli, E. Zedini, and M.-S. Alouini are with the Computer, Electrical,
and Mathematical Science and Engineering (CEMSE) Division, King Abdullah
University of Science and Technology (KAUST) Thuwal, Makkah Province,
Saudi Arabia (e-mail: ali.chelli@kaust.edu.sa; emna.zedini@kaust.edu.sa;
slim.alouini@kaust.edu.sa).

J. R. Barry is with the School of Electrical and Computer Engineering,
Georgia Institute of Technology, Atlanta, GA 30332 USA (e-mail: john.barry@
ece.gatech.edu).

M. Pätzold is with the Faculty of Engineering and Science, University of
Agder, Grimstad 4898, Norway (e-mail: matthias.paetzold@uia.no).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TWC.2014.2348561

to reduce the number of road accidents and to improve the
traffic flow. To cope with the problems faced during the devel-
opment and performance investigation of future V2V commu-
nication systems, a solid knowledge of the underlying multipath
fading channel characteristics is essential. Measurement results
in [1] have shown that if vehicles are driving in the middle
lanes of highways or in an urban environment, then the double-
bounce scattering components caused by fixed scatterers are
dominant. The double-bounce scattering mechanism has been
assumed in several V2V channel models, such as the two-ring
model [2], the street model [3], and the T-junction street model
[4]. Under double-bounce scattering conditions, the fading
amplitude is modeled as a double Rayleigh process [5], which
can be expressed as a product of two independent Rayleigh
processes. The double Rayleigh channel is more severe than the
classical Rayleigh channel [6]. Therefore, the performance of
communication systems over double Rayleigh channels needs
to be studied carefully.

In vehicular environments, the wireless channel experiences
fast fading variations caused by the high mobility of the trans-
mitter, the receiver, and the scatterers. Under such conditions,
the channel’s coherence time is too short to allow for a feedback
of the instantaneous channel gain from the receiver to the
transmitter. In absence of channel state information (CSI) at
the transmitter, power and rate adaptation schemes become
impossible yielding a significant drop in the channel capacity.
To cope with this problem, the hybrid automatic repeat request
(HARQ) mechanism provides a promising solution.

HARQ combines automatic repeat request and forward error
correction [7]. The data packet is first protected using channel
coding techniques and then transmitted. The receiver sends an
ACK (NACK) message to indicate successful (unsuccessful)
reception. If the data packet is received correctly, the transmitter
sends the next data packet. Otherwise, new sequences belong-
ing to the same data packet are sent. For HARQ with incre-
mental redundancy (IR), the transmitter sends new parity bits in
each HARQ round. The receiver decodes the data packet based
on all HARQ rounds. For a given data packet, the transmission
terminates when successful decoding occurs at the receiver or a
maximum number M of rounds is reached. A detailed descrip-
tion of the HARQ scheme with IR is provided in [8, Sec. II].
The number of HARQ rounds required to transmit an error-
free data packet varies according to the channel conditions.
Therefore, the amount of information sent through the channel

1536-1276 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



6246 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 13, NO. 11, NOVEMBER 2014

is adapted implicitly to the link quality even in absence of CSI
at the transmitter. This feature makes HARQ very attractive,
especially for fast fading channels, such as V2V channels.

In our investigation, we consider a double Rayleigh block
fading channel, where the fading is assumed constant for one
HARQ round and independent for different HARQ rounds.
In the following, we present arguments supporting the block
fading channel assumption. Firstly, each HARQ round cor-
responds to one transmission time slot. In V2V communi-
cations, the time slot duration is typically less than 0.8 ms.
In this case, the channel can be considered constant during
the whole time slot duration. In fact, V2V measurements at
5.9 GHz [9], [10] showed that the 90% coherence time equals
to 1 ms for suburban environments.1 Secondly, in practice,
subsequent HARQ rounds are separated by few time slots to
provide the destination node with enough time for decoding
and feedback (ACK/NACK). As a result, we can assume that
the channel realizations are independent for subsequent HARQ
rounds. It follows that the assumption of block fading channel is
reasonable.

Much of the prior work on HARQ focuses on code design
and performance analysis. A high-rate code can be constructed
from a low-rate code by puncturing the parity bits. The trans-
mission starts with a high-rate code. Additional redundancy bits
are sent whenever necessary. Different error correction codes
can be used in this scheme, such as convolutional codes [11],
[12] and low-density parity-check (LDPC) codes [13], [14].
The performance of HARQ in terms of throughput and error
probability over Rayleigh channels have been investigated in
[15], [16]. The author of [17] investigated the expected waiting
time and the sojourn time of packets in the buffer for the case
of cooperative truncated HARQ.

Very few papers have focused on information theoretic as-
pects of HARQ. In [18], the authors derive a relationship
between HARQ throughput and mutual information. In [19]
the authors assume multiple relay nodes, the best relay node
is first determined using a distributed algorithm. The selected
relay cooperates with the source to transmit the message to the
destination. The performance of the communication system is
analyzed with emphasis on the outage probability and the delay-
limited throughput. The authors of [19] assume that the channel
is constant during all the HARQ rounds. In [8], the performance
of different HARQ schemes over relay channels is explored
considering that the channel realizations are different for sub-
sequent HARQ rounds as opposed to [19]. For a given outage
probability, it is shown in [20] that in case of Rayleigh block
fading channels, HARQ allows to communicate at a higher rate
compared to systems without HARQ.

In this paper, we investigate the performance of HARQ with
IR over double Rayleigh channels, as opposed to the classical
Rayleigh channel. In our study, the data rate per HARQ round
is adjusted to the average signal-to-noise ratio (SNR) such that
a target outage probability is achieved. This is as opposed
to [17] where a constant transmission rate is considered. Our
main contributions can be summarized as follows. We provide

1The authors of [10] define the 90% coherence time as the time interval over
which the fading remains constant with a probability of 0.9.

analytical expressions for the average number of transmissions,
the ε-outage capacity, and the average transmission rate for
HARQ with IR. This is in contrast to [21] which focuses on
the performance of HARQ with code combining. We show that
even in absence of CSI at the transmitter, the HARQ with IR
rate is close to the ergodic capacity after some few rounds.
We compare the average transmission rate of HARQ to the
rate achieved without HARQ. We demonstrate that systems
with HARQ have a significant advantage compared to systems
without HARQ.

The additional contributions of this paper compared to our
paper [22] consist of analyzing the delay performance, studying
the energy efficiency, and investigating the diversity order of
HARQ with IR over double Rayleigh channels. Analytical
expressions are derived for the average waiting time for a
data packet (the average time elapsed between the first packet
transmission and the packet arrival) and the average sojourn
time in the buffer (the average waiting time in the buffer for
a data packet before the start of its transmission). We study as
well the energy efficiency of the HARQ scheme and explore
the tradeoff between energy efficiency and spectral efficiency.
Finally, we investigate the diversity order of the HARQ scheme
and show that it can achieve full diversity.

The remainder of the paper is organized as follows. In
Section II, we investigate the performance of HARQ with
IR over double Rayleigh channels. We perform a mutual-
information-based analysis of HARQ. Analytical solutions are
provided for the ε-outage capacity, the average number of
transmissions, and the average transmission rate. Section III
presents the delay model and provides the exact expression for
the second-order moment of the number of transmissions. In
Section IV, the energy efficiency is explored and an analytical
expression for the average consumed power is derived. The
diversity order of the system is determined in Section V. The
derived analytical expressions are numerically evaluated and
illustrated in Section VI. Finally, Section VII provides some
concluding remarks.

II. HARQ WITH IR

A. System Model

When using HARQ with IR, the transmission starts with a
high-rate code. A small number of parity bits is transmitted
with the information bits in the first HARQ round. If decoding
fails, the transmitter sends new parity bits. At the receiver side,
the parity bits received during all HARQ rounds are combined,
which results in a lower coding rate. Thus, the coding rate is
implicitly adapted to the channel conditions. The lowest coding
rate corresponds to the case when the maximum number of M
HARQ rounds are used for the transmission of a given data
packet. The capacity in bits/symbol of HARQ with IR after m
rounds can be expressed as

Cm =
1

m

m∑
i=1

log2(1 + γsγi), (1)
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where γs denotes the SNR, while γi is the squared envelop of
the channel gain during the ith transmission round. The random
variables γi (i = 1, . . . ,M) are independent and identically
distributed (i.i.d.). In case of double Rayleigh fading, the PDF
of γi is given by [5]

pγi
(x) =

2

γ̄
K0

(
2

√
x

γ̄

)
, (2)

where γ̄ is the mean value of γi, while K0(·) is the modified
Bessel function of zeroth order [23].

It is worth mentioning that the number of retransmissions can
vary from one data packet to another depending on the channel
conditions. If the channel conditions are good, a single HARQ
round could be sufficient for error-free decoding. In the case of
bad channel conditions, M HARQ rounds might be required to
transmit one data packet. Thus, the transmission rate needs to
be defined in a proper way. Towards this aim, let us assume that
the transmitted data packet contains b information bits. In each
HARQ round, L symbols are transmitted. The transmission rate
of the first HARQ round in bits per channel use can be written
as R1 = b/L. Note that the transmission rate varies depending
on the number of HARQ rounds used to transmit a data packet.
The transmission rate is equal to Rm = R1/m, if m HARQ
rounds are used to transmit one data packet. We denote by
Qn the number of HARQ rounds required for an error-free
transmission of the nth data packet. The average transmission
rate for N data packets can be expressed as

R =
Nb

L
N∑

n=1
Qn

=
R1

1
N

N∑
n=1

Qn

=
R1

E(Tr)
, (3)

with E(·) denoting the expectation operator and E(Tr) being
the average number of transmissions per data packet.

The expression in (3) is valid for the case where there is
no delay constraint, i.e., M → ∞. However, if M is finite the
transmission of a data packet may fail after M rounds. This
event is called an outage event. The communication system is
in outage if the capacity CM is less than the rate RM . Hence,
an outage occurs if the accumulated mutual information after
M rounds is less than the rate R1. The outage probability of
HARQ with IR after M rounds reads as

P IR,M
out (R1) = P

{
M∑

m=1

log2(1 + γsγm) � R1

}
. (4)

Note that for M → ∞ the outage probability P IR,M
out (R1)

becomes equal to zero and the average transmission rate R
reduces to the expression provided in (3). However, for a finite
value of M , the outage probability is nonzero and the average
transmission rate can be determined as

R =
R1

(
1− P IR,M

out (R1)
)

E(Tr)
. (5)

A similar expression of the average transmission rate has been
provided in [24]. From (5), one can conclude that if we choose a
large value of R1 the outage probability after M HARQ rounds

is approximately one and the average transmission rate R in (5)
tends to zero. To avoid such a situation, we have to maintain
the outage probability under a certain threshold ε and choose
the rate R1 subject to this threshold ε.

B. Outage Analysis and Average Transmission Rate

1) Approximate Analysis: The ε-outage capacity CM
ε after

M rounds is defined in [25] as the largest transmission rate R1,
such that the outage probability P IR,M

out (R1) � ε. In the case
of HARQ with IR, the ε-outage capacity CM

ε is obtained by
solving the equation

P IR,M
out

(
CM

ε

)
= ε. (6)

We set the rate of the first HARQ round as R1 = CM
ε . In this

way, we guarantee that the outage probability is equal to ε after
M HARQ rounds. A fixed outage probability is guaranteed for
any SNR level. The average transmission rate CIR,M

ε of HARQ
with IR can be obtained using (5) as

CIR,M
ε =

CM
ε

(
1− P IR,M

out

(
CM

ε

))
E(Tr)

=
CM

ε (1− ε)

E(Tr)
. (7)

The expression of the average number of transmissions
E(Tr) with a maximum number of rounds M can be expressed
similarly to [17, Eq. (18)] as

E(Tr) = 1 +

M−1∑
m=1

P (F 1, . . . , Fm), (8)

where Fm denotes the event decoding failure after m HARQ
rounds. The probability P (F 1, . . . , Fm) of a transmission fail-
ure after m rounds decreases as m increases. This probability
is equal to the outage probability after m HARQ rounds. It
follows,

P (F 1, . . . , Fm) =P IR,m
out (R1) = P IR,m

out (CM
ε )

=P

{
m∑
i=1

log2(1 + γsγi) � CM
ε

}

=Fζm

(
CM

ε

)
, (9)

where Fζm(x) is the cumulative distribution function (CDF) of
ζm =

∑m
i=1 log2(1 + γsγi). Note that ζm is the accumulated

mutual information of HARQ with IR after m rounds. To
determine the probability of a transmission failure after m
rounds, we need an expression of the CDF Fζm(x) as well
as the expression of the ε-outage capacity CM

ε of HARQ with
IR. An approximate solution for the CDF Fζm(x) is derived in
Appendix A, where it is shown that Fζm(x) can be written as

Fζm(x) ≈ Γαζm+1

(
x

βζm

)
, (10)

with Γa(·) being the incomplete gamma function [23,
Eq. (6.5.1)]. The terms αζm and βζm are functions of the
SNR and their expressions are provided in Appendix A. The
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ε-outage capacity of HARQ with IR CM
ε can be obtained by

solving (6) as

ε =P

{
M∑

m=1

log2(1 + γsγm) � CM
ε

}

≈ΓαζM
+1

(
CM

ε

βζM

)
. (11)

It follows that for HARQ with IR, the ε-outage capacity CM
ε

can be written as

CM
ε ≈ βζMΓ−1

αζM
+1(ε), (12)

where Γ−1
a (·) denotes the inverse of the incomplete gamma

function Γa(·). Hence, by using (8)–(10) and (12), the average
number of transmissions can be expressed as

E(Tr) ≈ 1 +

M−1∑
m=1

Γαζm+1

(
CM

ε

βζm

)

≈ 1 +

M−1∑
m=1

Γαζm+1

(
βζM

βζm

Γ−1
αζM

+1(ε)

)
. (13)

Note that the average number of transmissions E(Tr) of HARQ
with IR is a function of SNR. However, for systems without
HARQ, the average number of transmissions is constant and
equals to E(Tr) = M . In fact, for HARQ, the transmission
stops when the accumulated mutual information is sufficient
for successful decoding at the receiver. This is equivalent to
adaptive coding. Actually, for a given packet, M HARQ rounds
at maximum can be used. Under good channel conditions,
successful decoding is possible after m(m < M) rounds.

For systems that do not use HARQ and in absence of CSI
at the transmitter, it is not possible to do rate adaptation. The
solution that will be adopted in this case is to transmit always
M sequences since we do not have CSI at the transmitter.
Under such conditions, the transmitter considers the worst case
scenario (bad channel conditions) for which M sequences are
required to decode successfully a data packet. When using M
transmissions for all data packets (systems without HARQ),
we are encoding b information bits into M × L symbols which
yields a constant coding rate of b/(M · L). This is as opposed
to HARQ where the number of retransmissions for a given
data packet is adapted to the channel conditions thanks to the
feedback mechanism.

After substituting (12) and (13) in (7), we can express the
average transmission rate CIR,M

ε of HARQ with IR as

CIR,M
ε ≈

βζMΓ−1
αζM

+1(ε)(1− ε)

1 +
M−1∑
m=1

Γαζm+1

(
βζM

βζm
Γ−1
αζM

+1(ε)
) . (14)

The transmission rate without HARQ can be obtained as

CNo−HARQ,M
ε ≈

βζMΓ−1
αζM

+1(ε)(1− ε)

M
. (15)

Since the average number of transmissions E(Tr) in (13) is less
than M , it follows that the average transmission rate CIR,M

ε

of HARQ with IR is larger than the average transmission rate
CNo−HARQ,M

ε without HARQ.
2) High SNR Approximation: In this section, we derive an

expression for the average transmission rate CIR,M
ε of HARQ

with IR for the case of high SNR. The expression of CIR,M
ε in

(14) has been obtained by approximating the PDF of ζm with a
gamma distribution. At high SNR, a closed-form solution can
be found for the average transmission rate CIR,M

ε of HARQ
with IR, the ε-outage capacity CM

ε after M rounds, and the
average number of transmissions E(Tr). The term CM

ε is
obtained by solving the equation

ε =P IR,M
out {R1} = P IR,M

out

{
CM

ε

}
=P

{
M∑

m=1

log2(1 + γsγm) � CM
ε

}

=P

{
M∑

m=1

log2(γs) + log2

(
1

γs
+ γm

)
� CM

ε

}

≈
γs�1

P

{
M log2(γs) +

M∑
m=1

log2(γm) � CM
ε

}

=P

{
log2

(
M∏

m=1

γm

)
� CM

ε −M log2(γs)

}

=P

{
M∏

m=1

γm � 2C
M
ε −M log2(γs)

}
. (16)

Let FξM (x) denote the CDF of the product of M squared dou-
ble Rayleigh processes given as ξM =

∏M
m=1 γm. The exact

expression of the CDF FξM (x) is derived in Appendix B. The
ε-outage capacity CM

ε after M rounds can be expressed as

CM
ε ≈

γs�1
M log2(γs) + log2

(
F−1
ξM

(ε)
)
, (17)

where F−1
ξM

(·) stands for the inverse of the CDF FξM (·) of ξM .
The expression of the average number of transmissions E(Tr)
is given by (8). Under the high SNR assumption, the probability
of a transmission failure for HARQ with IR after m rounds can
be expressed as

P (F 1, . . . , Fm) =P IR,m
out (R1) = P IR,m

out (CM
ε )

=P

{
m∑
i=1

log2(1 + γsγi) � CM
ε

}

≈
γs�1

P

{
m∏
i=1

γi � 2C
M
ε −m log2(γs)

}

=Fξm

(
2C

M
ε −m log2(γs)

)
=Fξm

(
γM−m
s F−1

ξM
(ε)

)
. (18)
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By using (7), (8), (17), and (18), the average transmission rate
CIR,M

ε of HARQ with IR can be written at high SNR as

CIR,M
ε ≈

γs�1

(
M log2(γs) + log2

(
F−1
ξM

(ε)
))

(1− ε)

1 +
M−1∑
m=1

Fξm

(
γM−m
s F−1

ξM
(ε)

) . (19)

III. DELAY MODEL

To control the flow of the packets in the network, we consider
that the source is equipped with a buffer to store the packets
before transmission. We assume Poisson arriving packets at the
buffer with arrival rate λ. The waiting time for a data packet
corresponds to the time elapsed between the first sequence
transmission and the successful decoding of the packet at the
destination. The average waiting time for a data packet can be
evaluated using the Pollaczek-Khinchin equation [26]

W =
λE

(
T 2
r

)
T 2
F

2(1− ρ)
+

TF

2
, (20)

where TF is the frame duration. The parameter ρ should satisfy
the following stability condition

ρ = λE(Tr)TF < 1. (21)

The packet’s sojourn time in the buffer is [26]

Tsoj = W + E(Tr)TF . (22)

The expression of the average number of transmissions E(Tr)
is provided by (13). The second-order moment E(T 2

r ) of the
total number of transmissions is derived in Appendix C as

E
(
T 2
r

)
=1 +

M−1∑
m=1

(2m+ 1)P (F 1, . . . , Fm)

≈ 1 +

M−1∑
m=1

(2m+ 1)Γαζm+1

(
CM

ε

βζm

)
. (23)

IV. ENERGY EFFICIENCY

During the past decades, system designers have focused their
efforts on the enhancement of the spectral efficiency of com-
munication systems. Towards this aim, many advanced com-
munication techniques have been utilized, such as orthogonal
frequency-division multiple access (OFDMA), multiple-input
multiple-output (MIMO) techniques, and cooperative commu-
nications. However, with the explosive growth in network
throughput, more and more energy is consumed in wireless
networks. In the context of energy limited resources and green
communications, the notion of energy-efficient communication
have been paid increasing attention [27]–[29]. In [27], energy
efficiency of HARQ with IR for two-way relay systems with
network coding has been studied. A literature survey on energy
efficiency is provided in [29].

In this section, we study the energy efficiency2 of HARQ
with IR over double Rayleigh channels. The energy efficiency,
denoted by ηEE , is defined as the ratio of the throughput and
the average consumed power and is given by [28], [29]

ηEE =
CM

ε (1− ε)

P̄
, (24)

where CM
ε is the ε-outage capacity. The quantity P̄ stands for

the average consumed power, which can be determined for the
HARQ scheme as

P̄ =P · P (S1) + 2P · P (F 1, S2) + . . .+(M−1)P

·P (F 1,. . . , SM−1)+MP ·P (F 1, . . . , FM−1)

=P · E(Tr) = P ·
(
1 +

M−1∑
m=1

Γαζm+1

(
CM

ε

βζm

))
. (25)

The term P stands for the consumed power per HARQ round.
We denote by P (S1) the probability of successful transmission
in the first round, while P (F 1, . . . , SM−1) refers to the prob-
ability of a transmission failure in the 1st, 2nd, . . ., M − 2th
HARQ rounds and a success at M − 1th round. If only one
transmission round is used to transmit the data packet (the
probability of occurrence of this event is P (S1)), the amount
of consumed power would be equal to P . If two transmission
rounds are utilized to transmit one data packet (the probability
of this event is P (F 1, S2)), the amount of consumed power
would be equal to 2P . We would consume an amount of
power equal to MP if a transmission failure occurs at round
M − 1 (the probability of this event is P (F 1, . . . , FM−1)). The
average consumed power is obtained by summing up all the
possible values of consumed power weighted by the probability
of occurrence of such event. The result in (25) shows that we
can express the average consumed power as the product of two
terms: the power P consumed per HARQ round and the average
number of transmissions E(Tr). Using (25), we can express the
energy efficiency as

ηEE =
CM

ε (1− ε)

P
(
1 +

∑M−1
m=1 Γαζm+1

(
CM

ε

βζm

)) =
CIR,M

ε

P
. (26)

A. Quasiconcavity and Maximization of the Energy Efficiency

In this section, we prove the quasiconcavity of the energy
efficiency and provide a method for determining the optimal
power yielding maximum energy efficiency.

The energy efficiency ηEE(P ) is the ratio of the spectral
efficiency CIR,M

ε (P ) and the power P as shown in (26).
Proving the quasiconcavity of ηEE(P ) is equivalent to prove
the quasiconvexity of −ηEE(P ). To this end, we make use of
the following theorem [30].

Theorem 1: Let g(x) and f(x) be defined on a convex
set C such that f(x) �= 0 for all x ∈ C. Then, g(x)/f(x) is

2The unit of energy efficiency is bits per Joule.
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quasiconvex on C if f(x) is either linear or convex on C and
g(x) ≤ 0 for all x ∈ C.

For our case, we substitute the function f(x) with P which is
linear and nonzero. Additionally, we replace the function g(x)
with −CIR,M

ε (P ) which is nonpositive for all P ∈ (0,∞). No-
tice also that the interval (0,∞) is a convex set. Consequently,
based on Theorem 1 the function −ηEE(P ) is quasiconvex and
hence ηEE(P ) is quasiconcave.

Since ηEE(P ) is quasiconcave, it follows that there exist a
point P ∗ below which the energy efficiency is nondecreasing
(i.e., increasing or constant) and above which the energy effi-
ciency is nonincreasing (i.e., decreasing or constant), where the
point P ∗ is a global maximizer of the energy efficiency.3

Moreover, the energy efficiency tends to zero as P → ∞.
This can be proven using the following inequalities

CIR,M
ε (P ) ≤ C̄ = E {log2(1 + γsγ)} (27)

≤ log2 (1 + γsE{γ}) . (28)

The inequality in (27) comes from the fact that the outage
capacity is upper bounded by the ergodic capacity C̄. In (28),
we exploited Jensen’s inequality and the fact that log2(x) is a
concave function. Hence, we can obtain the following upper
bound on the energy efficiency as P → ∞

lim
P→∞

ηEE = lim
P→∞

CIR,M
ε (P )

P

≤ lim
P→∞

log2 (1 + γsE{γ})
P

= 0. (29)

On one hand, limP→∞ ηEE ≤ 0. On the other hand, ηEE ≥ 0
then limP→∞ ηEE ≥ 0. As a result, limP→∞ ηEE = 0.

Note that the quasiconcavity of ηEE(P ) proves the existence
of a global maximum. In the following, we explain how the
solution that maximizes the energy efficiency can be computed.

Maximizing the energy efficiency ηEE(P ) is equivalent to
minimizing −ηEE(P ). The quasiconvex optimization problem
can be written as

minimize
P

− ηEE(P )

subject to − P < 0, (30)

where −ηEE(P ) is quasiconvex and the inequality constraint
is linear. Solving the quasiconvex optimization problem in (30)
can be reduced to solving a sequence of convex optimization
problems [31]. A general approach to quasiconvex optimization
is based on the representation of the sublevel sets of a quasicon-
vex function via a family of convex inequalities [31]. To this
end, we need to construct a family of convex function φt which
satisfy

−ηEE(P ) ≤ t ⇐⇒ φt(P ) ≤ 0. (31)

Note that φt(P ) should be convex with respect to (w.r.t.) P and
decreasing w.r.t. t.

3This is a definition of quasiconcavity which holds for real continuous
functions as it is the case of the spectral efficiency which is continuous and
real valued.

Fig. 1. Spectral efficiency CIR,M
ε versus SNR in linear scale.

We can construct this function as

φt(P ) = −CIR,M
ε (P )− tP, (32)

where t is a nonnegative real number. For φt(P ) to be convex
w.r.t. P , we only need to prove that −CIR,M

ε (P ) is a convex
function4 of P . This is equivalent to prove the concavity of the
spectral efficiency CIR,M

ε w.r.t. the SNR in linear scale. This
fact is confirmed numerically from Fig. 1, but is hard to prove
analytically due to the complicated expression of the spectral
efficiency5 CIR,M

ε . Since the spectral efficiency is concave (as
shown numerically in Fig. 1) then −CIR,M

ε (P ) is a convex
function w.r.t. P . On the other hand, the function P is linear
and strictly positive function. Consequently, for each P , φt(P )
in (32) is decreasing in t and for each t, φt(P ) is convex w.r.t.P .

Let P ∗ denote the optimal value of the quasiconvex problem
in (30). If the feasibility problem

find P

subject to φt(P ) ≤ 0

− P < 0 (33)

is feasible, then P ∗ ≤ t. Conversely, if the problem (33) is
infeasible, then P ∗ ≥ t. It is worth noting that the feasibility
problem in (33) is convex since its inequality constraints are
convex. Thus, it is possible to solve the convex feasibility
problem in (33) for each value of t and find out whether it is
feasible or not. To determine the optimal value P ∗, we start
with an interval [l, u] known to contain P ∗. Then we solve the
feasibility problem (33) at the midpoint, i.e., for t = (l + u)/2.
If the problem (33) is feasible for t = (l + u)/2 then P ∗ ∈
[l, t]. If the problem (33) is unfeasible for t = (l + u)/2 then
P ∗ ∈ [t, u]. In a second step we apply the same procedure to
the interval obtained from the first step. This is repeated until
the width of the interval is small enough. An algorithm using
bisection and which solves a convex feasibility problem at each

4Here, we use the fact that the sum of a convex and linear function is convex.
5Note that it is possible to prove that the ergodic capacity (which has a similar

trend as the spectral efficiency CIR,M
ε ) is concave w.r.t. SNR in linear scale.

This can be shown by computing the second derivative of the ergodic capacity.
The numerical evaluation of the second derivative reveals that this function is
always negative which proves that the ergodic capacity is concave.
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step can be found in [31, pp. 146]. A similar algorithm can be
used to determine the optimal solution P ∗.

In Fig. 12, we plot the energy efficiency versus the power
P̃ (P̃ = 10 log10(P )). This figure shows that the energy effi-
ciency is a quasiconcave function of P̃ . This fact can be proven
by showing the quasiconvexity of −ηEE(P̃ ) w.r.t. P̃ using
Theorem 1. The quasiconcavity of ηEE(P̃ ) explains the shape
of the energy efficiency, plotted in Fig. 12, which increases for
low values of the power P̃ then decreases for medium and high
values of P̃ . The optimal value P̃ ∗ which maximizes ηEE(P̃ )
can be determined as P̃ ∗ = 10 log10(P

∗).

B. Tradeoff Between Energy Efficiency and Spectral Efficiency

We notice that the spectral efficiency and the energy ef-
ficiency cannot be improved simultaneously, meaning that a
tradeoff has to be found between energy efficiency and spectral
efficiency of HARQ with IR over double Rayleigh channels.
If we fix the values of ε, M , and the noise power, then the
spectral efficiency increases if we increase the transmitted
power per round P [see Fig. 3]. However, the energy efficiency
increases as P increases up to a certain value P ∗ that maximizes
the energy efficiency [see Fig. 12]. If the power P > P ∗ the
energy efficiency starts decreasing while the spectral efficiency
keeps increasing. Thus for values of P ≤ P ∗ both the energy
efficiency and the spectral efficiency can be increased together,
whereas P > P ∗ we experience a tradeoff between energy
efficiency and spectral efficiency, i.e., we cannot improve both
quantities simultaneously. The impact of the maximum number
M of HARQ rounds on this tradeoff is investigated in more
detail in Section VI-C.

V. DIVERSITY ORDER OF THE HARQ SCHEME

In this section, we investigate the performance of HARQ
with IR over double Rayleigh channels. We show in the fol-
lowing that the HARQ scheme can achieve full diversity. The
diversity order d of a transmission scheme is defined as [32]

d = − lim
γs→∞

ln(Pe)

ln(γs)
, (34)

where Pe is the error probability. If a capacity achieving code
is utilized, then the probability of error is well approximated
by the information outage probability PM

out(C
M
ε ) [33]. At high

SNR, this information outage probability can be determined as

Pout

(
CM

ε

)
=P

{
M∑
i=1

log2(1 + γsγi) � CM
ε

}

≈
γs�1

P

{
M∏
i=1

γi � 2C
M
ε

γM
s

}
= FξM

(
2C

M
ε

γM
s

)

=G2M,1
1,2M+1

[
2C

M
ε

(γsγ̄)M

∣∣∣∣ 11, . . . , 0
]
, (35)

where Gm,n
p,q (·) is the Meijer’s G-function defined in (A.4).

To compute the diversity order of the HARQ scheme, we
need to compute the series expansion of the function in (35) as
γs → ∞. This is equivalent to computing the series expansion

of the function f(x) = G2M,1
1,2M+1

[
x

∣∣∣∣ 11, . . . , 1, 0
]

as x → 0,

where x = 2C
M
ε /(γsγ)

M . For any value of M , it can be shown
using the series expansion of f(x) as x → 0 that f(x) can be
approximated as

f(x) ≈ −x(lnx)2M−1 + o(x2) ∀M, (36)

where the notation o(x2) implies that the term o(x2) vanishes
as x → 0. Using the results in (36) and utilizing the change of
variable x = 2C

M
ε /(γsγ)

M , we get an approximation at high
SNR for the outage probability for different values of M as

Pe = Pout

(
CM

ε

)
≈

γs→∞
− 2C

M
ε

(γsγ̄)M
ln

(
2C

M
ε

(γsγ̄)M

)2M−1

.

(37)

To determine the diversity order, we first compute the term
ln(Pe) which can be approximated at high SNR as

ln(Pe) ≈
γs→∞

ln

(
2C

M
ε

(γsγ̄)M

)
+ln

[
−(2M−1) ln

(
2C

M
ε

(γsγ̄)M

)]

= ln
(
2C

M
ε

)
−M [ln(γs) + ln(γ̄)] + ln(2M − 1)

+ ln
(
M [ln(γs) + ln(γ̄)]− ln

(
2C

M
ε

))
. (38)

Applying the definition of the diversity order in (34), we obtain

d = − lim
γs→∞

ln(Pqe)

ln(γs)

(a)
= − lim

γs→∞

ln
(
2C

M
ε

)
ln(γs)

+ lim
γs→∞

M ln(γs)

ln(γs)

+ lim
γs→∞

M ln(γ̄)

ln(γs)
− lim

γs→∞

ln(2M − 1)

ln(γs)

− lim
γs→∞

ln
(
M [ln(γs) + ln(γ̄)]− ln(2C

M
ε )

)
ln(γs)

(b)
= lim

γs→∞

M ln(γs)

ln(γs)
= M. (39)

In (b), we have used the fact that all the terms in (a) tend to zero
as γs → ∞ except the term M ln(γs)/ ln(γs) which tends to M
as γs → ∞. Thus, the diversity order d of the HARQ scheme is
equal to M .

VI. NUMERICAL RESULTS

A. Average Transmission Rate

In this section, the analytical expressions for the average
number of transmissions and the average transmission rate are
evaluated numerically and illustrated. In our analysis, since
there is no closed-form expression for the CDF Fζm(x) of the
accumulated mutual information ζm, we approximate this CDF
Fζm(x) by the CDF of a gamma distribution [see (10)]. To show
the accuracy of this approximation, we illustrate in Fig. 2 the
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Fig. 2. Exact and approximate CDF of the accumulated mutual information

ζM =
∑M

i=1
log2(1 + γsγi) for M = 4 at SNR = 0, 5, and 10 dB.

Fig. 3. Exact and approximate average transmission rate CIR,M
ε of HARQ

with IR for ε = 0.01.

exact CDF of ζm obtained via Monte Carlo simulations together
with the gamma approximation of the CDF of ζm. The results
in Fig. 2 have been obtained for SNR = 0, 5, and 10 dB and for
a value of M = 4. The gamma approximation becomes more
tight as the SNR increases. Numerical results in Fig. 2 show
that the gamma approximation is reasonably accurate for the
range of interest for the rate R1 and SNR parameters. Besides,
this approximation yields important insights.

In Fig. 3, the average transmission rate CIR,M
ε of HARQ

with IR is plotted for ε = 0.01. It can be seen from this figure
that CIR,M

ε increases as M and the SNR increase. It is well
known that the ergodic capacity can only be achieved in the
idealized setting where the CSI at the transmitter is available.
The HARQ scheme allows to have adaptive rate without the
need of CSI at the transmitter. From Fig. 3, it can be seen that
after few HARQ rounds, the average transmission rate CIR,M

ε

becomes close to the ergodic capacity even in the absence of
CSI at the transmitter. Additionally, in Fig. 3 the exact average
transmission rate (obtained via Monte Carlo simulations) and
the approximate average transmission rate (determined using
gamma approximation) are illustrated. From this figure it can
be seen that the gamma approximation is fairly accurate for
M = 2 and 4 for all SNR values. For M = 10, the gamma

Fig. 4. Gamma approximation and high SNR approximation of the average
transmission rate CIR,M

ε of HARQ with IR for ε = 0.01.

Fig. 5. Average transmission rate CIR,M
ε of HARQ with IR and the rate

without HARQ CNo−HARQ,M
ε for ε = 0.01.

approximation is accurate up to an SNR of 12 dB. As the
value of M increases the accuracy reduces especially at high
SNR. However, the level of accuracy remains reasonable. The
maximum error that we perceive is in the order of 0.5 bps/Hz
for M = 10 and an SNR of 20 dB, which is a reasonably small
error. It is worth mentioning that for practical systems typical
values of M are in the order of 4. A value of M = 10 would
generally be considered to be large in practice since it leads to a
large delay. This shows that the gamma approximation is quite
accurate for the range of interest of M .

In (19), an analytical expression has been derived for the
average transmission rate CIR,M

ε at high SNR for the case
of HARQ with IR. Under the assumption of high SNR, it is
possible to obtain the exact solutions for the PDF and CDF of
ξm which allows to get an approximate solution for the average
transmission rate. To validate the result in (19), we compare it to
the average transmission rate CIR,M

ε in (14) obtained using the
gamma approximation of the PDF of the process ζm. In Fig. 4,
both results for the average transmission rate are illustrated. A
good fitting can be seen between both expressions at high SNR
for different values of M .

In Fig. 5, we illustrate the average transmission rate CIR,M
ε

in (14) of HARQ with IR and the rate CNo−HARQ,M
ε without
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Fig. 6. Average transmission rate CIR,M
ε of HARQ with IR for the cases of

variable and constant rate schemes for ε = 0.01.

HARQ [see (15)]. It can be seen from this figure that HARQ
with IR provides a significant improvement in the transmission
rate relatively to systems without HARQ. For the same value of
M , we observe at low SNR that the advantage of using HARQ
with IR is limited. On the contrary, in the high SNR regime, a
significant improvement in the rate can be observed if HARQ
with IR is used. For instance, for an SNR of 30 dB, a gain of
2 bps/Hz can be achieved by using HARQ with IR and setting
the value of M to 4. In fact, at high SNR, the average number
of transmissions for a given packet is less than M . Actually, for
good channel conditions the mutual information accumulated
over few HARQ rounds is sufficient for successful decoding at
the receiver. However, in absence of CSI at the transmitter, a
fixed rate is used for systems without HARQ. Consequently,
even under good channel conditions, M rounds are required to
transmit one data packet. The gain achieved using HARQ with
IR increases as the SNR increases. In absence of CSI at the
transmitter, we are obliged to use a fixed rate which makes the
communication system nonadaptive and a loss in the mutual
information is observed. With HARQ, implicit rate adaptation
is possible, even in the absence of CSI. Notice that some few
HARQ rounds make the gap to the ergodic capacity reasonably
small.

In Figs. 3–5, we consider a variable rate per HARQ round.
Under this setting, the rate is adjusted to the average SNR such
that a target outage probability ε is not exceeded. In Fig. 6, we
explore the effect of the transmission rate R1 per HARQ round
on the average transmission rate CIR,M

ε . Towards this aim, we
compare the performance of a scheme with a variable rate and
a scheme with a constant rate. For the latter scheme, the rate
R1 per round is the same for all SNR values and equal to the
variable rate for an SNR of 0 dB, i.e., R1 = CM

ε (0 dB). In this
way, we ensure that the target outage probability ε is maintained
for the constant rate scheme for any SNR larger than 0 dB, since
the outage probability decreases with the SNR value.

The average transmission rate CIR,M
ε is illustrated in Fig. 6

for the cases of constant rate and variable rate schemes. It can be
seen from this figure that the use of a variable rate improves the
system throughput. For instance, for an SNR of 30 dB and for
ε = 0.01, we can achieve in case of M = 8 a gain of 6.6 bps/Hz
in the average transmission rate if we adjust the rate per

Fig. 7. Spectral efficiency CIR,M
ε of HARQ with IR versus the maximum

number of rounds M .

Fig. 8. Expected waiting time W of packets of HARQ with IR for variable
rate and constant rate schemes.

HARQ round to the average SNR (variable rate) compared to
the constant rate scheme. It is also shown in Fig. 6 that the
throughput increases as M increases for both schemes (constant
and variable rate).

Fig. 7 presents the plots of the spectral efficiency6 CIR,M
ε

of HARQ with IR versus the maximum number of rounds M
for different SNR values. This figure underscores the impact
of M on the spectral efficiency. It can be noticed from Fig. 7
that a large gain in spectral efficiency is obtained if we increase
M from 2 to 4. This gain increases as the SNR increases. For
instance, increasing M from 2 to 4, yields a spectral efficiency
gain of 2 bps/Hz and 1.2 bps/Hz for an SNR of 30 dB and 10 dB,
respectively. For values of M � 6, an increase in the value of
M does not lead to a significant improvement in the spectral
efficiency regardless of the SNR value.

B. Delay Results

In this section, the analytical expressions for the average
waiting time W and sojourn time Tsoj are numerically eval-
uated and illustrated for both variable rate and constant rate
schemes. We set the frame length to TF = 1 s. In Figs. 8 and 9,

6The terms average transmission rate and spectral efficiency are used inter-
changeably throughout the paper.
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Fig. 9. Packet’s sojourn time Tsoj in the network of queues of HARQ with IR
for variable rate and constant rate schemes.

Fig. 10. Expected waiting time W of packets of HARQ with IR versus the
packet arrival rate λ for variable rate and constant rate schemes.

respectively, we depict the expected waiting time and the so-
journ time versus the SNR γs for M = 8 and 12. The packet
arrival rate is set to λ = 0.01.

We notice that the use of a constant rate allows decreasing
the expected waiting time and the sojourn time compared to
the case of variable rate. Actually, the constant rate scheme
has a smaller rate per round than the variable rate scheme and
consequently a smaller number of retransmissions. It is worth
mentioning that there is a tradeoff between spectral efficiency
and the delay experienced by a transmitted data packet. It can
be observed in Figs. 6, 8, and 9 that the variable rate scheme
achieves a large throughput at the expense of a larger waiting
and sojourn time. On the other hand, the constant rate scheme
leads to a small throughput but allows decreasing the expected
waiting time and sojourn time of the packet in the queue. It
can be seen in Figs. 8 and 9 that the expected waiting time and
the sojourn time increases as M increases either we utilize a
constant or a variable rate scheme.

In Fig. 10, we illustrate the expected waiting time W versus
the packet arrival rate λ for M = 2 and 4. From this figure, we
notice that the average waiting time W increases as the packet
arrival rate λ increases. Moreover, the constant rate scheme is
less sensitive to an increase of M compared to the variable
rate scheme. In fact, for λ = 0.5, the increase of M from 2 to

Fig. 11. Average consumed power P̄ of HARQ with IR versus power per
HARQ round.

Fig. 12. Energy efficiency ηEE of HARQ with IR versus power per HARQ
round.

4 leads to a significant increase in the expected waiting time
W for the variable rate scheme. Under the same conditions, a
slight change in the expected waiting time is experienced for
the constant rate scheme.

C. Average Consumed Power and Energy Efficiency

This section is devoted to the study of the average consumed
power P̄ , the energy efficiency ηEE , and the tradeoff between
spectral efficiency CIR,M

ε and energy efficiency ηEE . Fig. 11
shows the variation of the average consumed power P̄ as a
function of the power P̃ per HARQ round for different values
of M . It can be observed from this figure that the average
consumed power P̄ increases as P̃ and M increase. Note that
the graphs in Fig. 11 are plotted in the log-log scale. The fact
that the curves of P̄ versus P̃ are very well approximated
by affine equations confirms that the following equation holds
P̄ ≈ aP b, where b corresponds to the slope of the curve and
a is the P̄ value corresponding to P = 1 Watt. We recall that
P̃ = 10 log10(P ).

The energy efficiency ηEE as a function of the power P̃ per
HARQ round is illustrated in Fig. 12 for different values of M .
It can be seen that the energy efficiency ηEE is a quasiconcave
function of the power P̃ as discussed in Section IV-A. The
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Fig. 13. Tradeoff between energy efficiencyηEE and spectral efficiencyCIR,M
ε .

energy efficiency increases for small values of the power P̃
then decreases for medium values of the power P̃ . The energy
efficiency tends to zero as P̃ → ∞.

For a given value of M , the energy efficiency curve versus
power P̃ shows that the energy efficiency exhibits a single
maximum at P̃ ∗. A bisection method for computing P̃ ∗ is
presented in Section IV-A. By setting P̃ = P̃ ∗, it is guaranteed
that the system operates at the optimal point that maximizes
the energy efficiency. It can be noticed from Fig. 12 that the
optimal operating power P̃ ∗ per HARQ round decreases as the
value of M increases. Additionally, the maximum achievable
energy efficiency increases as M increases. For instance, the
maximum energy efficiency can be improved by a factor of 15
if we increase the value of M from 2 to 10.

In Fig. 13, we plot the energy efficiency ηEE as a function
of the spectral efficiency CIR,M

ε for different values of M .
From Fig. 13, we notice that both the energy efficiency and
the spectral efficiency can be increased together if the target
spectral efficiency does not exceed 0.8 bps/Hz. The spectral
efficiency cannot be increased beyond this value without a loss
in the energy efficiency. Hence, there is a tradeoff between
energy efficiency and spectral efficiency. By varying the rate per
HARQ round, we can quantify this tradeoff which is illustrated
in Fig. 13. It can also be observed from Fig. 13 that both the
energy efficiency and the spectral efficiency increase as M
increases.

VII. CONCLUSION

In this paper, we have investigated the performance of HARQ
with IR over double Rayleigh channels. In our analysis, we
have adjusted the transmission rate to the average SNR such
that a fixed target outage probability is not exceeded. We
have provided analytical expressions for the average number
of transmissions, the ε-outage capacity, and the average trans-
mission rate. We demonstrate that even in the absence of CSI
at the transmitter, the rate of HARQ with IR becomes close
to the ergodic capacity after few rounds. This feature makes
HARQ very attractive, especially for fast fading channels such
as V2V channels. In fact, for such channels, the coherence
time is too short to allow for a feedback of the instantaneous

channel conditions to the transmitter. We compared the average
transmission rate of HARQ with IR to the rate achieved without
HARQ. Supported by our analysis, we are convinced that
HARQ provides a significant advantage compared to systems
without HARQ.

We have derived analytical expressions of the expected wait-
ing time and the sojourn time of packets in the buffer for the
cases of variable and constant rate per HARQ round. Our nu-
merical study of the average waiting time and the sojourn time
highlighted the existence of a tradeoff between these quantities
and the spectral efficiency. We have also studied the impact of
the maximum number of rounds on the average waiting time
and the sojourn time and observed that increasing M yields an
increase in the delay. Additionally, we have demonstrated that
the explored HARQ scheme achieves full diversity. Finally, our
analysis underscore the tradeoff between energy efficiency and
spectral efficiency.

APPENDIX A
APPROXIMATE SOLUTION FOR THE PDF AND THE CDF OF

THE ACCUMULATED MUTUAL INFORMATION ζm

We denote by ζm the accumulated mutual information of
HARQ with IR after m rounds given as ζm =

∑m
i=1 log2(1 +

γsγi). In this appendix, we derive an approximate solution for
the PDF and the CDF of ζm. Using Laguerre series [34], the
PDF of ζm can be approximated as

pζm(x) ≈ pζm0 (x) =
xαζm

β
(αζm+1)
ζm

Γ(αζm + 1)
exp

(
− x

βζm

)
,

(A.1)

where αζm =([E(ζm)]2/Var(ζm))−1, βζm =Var(ζm)/E(ζm),
and Γ(·) is the gamma function. To determine the parameters
αζm and βζm , we need to derive the mean value and the
variance of the process ζm. Since the processes γi are i.i.d., the
following equality holds E(ζm) =

∑m
i=1 E{log2(1 + γsγi)} =

mE{log2(1 + γsγ)}. The term E{log2(1 + γsγ)} is equal to
the ergodic capacity C̄ of the double Rayleigh channel which
can be written as

C̄ =

∞∫
0

log2(1 + γsγ)pγ(γ)dγ

=

∞∫
0

log2(e) ln(1 + γsγ)
2

γ̄
K0

(
2

√
γ

γ̄

)
dγ (A.2)

=
log2(e)

γsγ̄
G3,1

1,3

[
1

γsγ̄

∣∣∣∣−1
−1,−1, 0

]
, (A.3)

where Gm,n
p,q (·) is the Meijer’s G-function defined as [35]

Gm,n
p,q

(
z

∣∣∣∣ a1, . . . , apb1, . . . , bq

)

=
1

j2π

∫
C

∏m
i=1 Γ(bi + s)

∏n
i=1 Γ(1− ai − s)∏p

i=n+1 Γ(ai + s)
∏q

i=m+1 Γ(1− bi − s)
z−sds.

(A.4)
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It has to be noted that the result in (A.3) is obtained as
follows. First, we substitute in (A.2) the zeroth order modified
Bessel function K0(·) and the logarithm function by their
Meijer’s G-representations in [36, Eq. (03.04.26.0008.01)] and
[36, Eq. (01.04.26.0003.01)], respectively. Second, using
[36, Eq. (07.34.21.0013.01)], we obtain after some algebraic
manipulations the result in (A.3).

The variance of the process ζm can be expressed as

Var(ζm)=

m∑
i=1

Var ({log2(1 + γsγi)})

=m
{
E

{
(log2(1 + γsγ))

2
}
−E{log2(1+γsγ)}2

}
,

(A.5)

where

E

{
[log2(1 + γsγ)]

2
}

=

∞∫
0

[log2(1 + γsγ)]
2 2

γ̄
K0

(
2

√
γ

γ̄

)
dγ

= (log2(e))
2

∞∫
0

[ln(1 + γsγ)]
2 2

γ̄
K0

(
2

√
γ

γ̄

)
dγ

= (log2(e))
2I(γ). (A.6)

We evaluate the integral I(γ) using integration by parts, namely

∞∫
0

u dv = lim
γ→∞

(uv)− lim
γ→0

(uv)−
∞∫
0

v du. (A.7)

First, let u = (ln(1 + γsγ))
2. Thus du = 2 ln(1 + γsγ)(γsdγ/

(1 + γsγ)). Then, let dv = (2/γ̄)K0(2
√

γ/γ̄). Hence, v =

−2
√

γ/γ̄K1(2
√

γ/γ̄). The first two terms in (A.7) are equal
to zero. It follows,

I(γ) =

∞∫
0

4

√
γ

γ̄
K1

(
2

√
γ

γ̄

)
ln(1 + γsγ)

1
γs

+ γ
dγ

≈
γs�1

∞∫
0

4

γ

√
γ

γ̄
K1

(
2

√
γ

γ̄

)
ln(1 + γsγ) dγ (A.8)

=2G3,1
1,3

[
1

γsγ̄

∣∣∣∣ 00, 0, 0
]
. (A.9)

It is worth mentioning that the expression in (A.9) is obtained
from (A.8) by using the same steps utilized to reach the result
in (A.3) from (A.2).

After determining the mean value and the variance of the
process ζm, the parameters αζm and βζm can be computed and
an expression of the PDF can be obtained using (A.1). The CDF
of ζm can be deduced as

Fζm(x) ≈ F ζm
0 (x) =

x∫
0

pζm0 (z)dz

=Γαζm+1

(
x

βζm

)
. (A.10)

APPENDIX B
PDF AND CDF OF THE PRODUCT OF SQUARED

DOUBLE RAYLEIGH PROCESSES ξm

In this appendix, we derive an expression for the PDF and
the CDF of the product of squared double Rayleigh processes
ξm =

∏m
i=1 γi =

∏m
i=1 γ1,iγ2,i, where γ1,i and γ2,i are i.i.d.

squared Rayleigh processes. The processes γ1,i and γ2,i are
exponentially distributed and have the same mean value, i.e.,
γ̄1,i = γ̄2,i =

√
γ̄i =

√
γ̄. In [37], the inverse Mellin transform

has been used to derive the PDF of the product of Rayleigh
processes. We use the same method to derive the PDF for the
product of squared double Rayleigh processes. The PDF of ξm
is obtained as the inverse Mellin transform of ρh = E{(ξm)h},
defined by the contour integral

pξm(x) =
1

j2π

∫
C

ρhx
−(h+1)dh. (B.1)

The term ρh can be expressed as

ρh = E
{
(ξm)h

}
=

m∏
i=1

E
{
γh
i

}
=

2m∏
i=1

E
{
γh
1,i

}
, (B.2)

where

E
{
γh
1,i

}
=

∞∫
0

xh

√
γ̄
exp

(
− x√

γ̄

)
dx. (B.3)

Using the change of variable u = x/
√
γ̄, we can write

E
{
γh
1,i

}
= (

√
γ̄)h

∞∫
0

uh exp(−u)du = (
√
γ̄)hΓ(h+ 1).

(B.4)

It follows ρh = γ̄hm[Γ(h+ 1)]2m. Substituting ρh in (B.1) and
setting s = h+ 1, we can express the PDF pξm(x) as

pξm(x) =
1

j2π

∫
C

γ̄hm[Γ(h+ 1)]2mx−(h+1)dh

=
1

j2π

∫
C

γ̄m(s−1)[Γ(s)]2mx−sds

=
1

γ̄m

1

j2π

∫
C

[Γ(s)]2m
(

x

γ̄m

)−s

ds

=
1

γ̄m
G2m,0

0,2m

[
x

γ̄m

∣∣∣∣ 0, . . . , 0
]
. (B.5)

The CDF Fξm(x) of the process ξm can be deduced from the
PDF pξm(x) as

Fξm(x) =

x∫
0

pξm(z)dz

=
1

γ̄m

1

j2π

∫
C

[Γ(s)]2m
x∫

0

(
z

γ̄m

)−s

dz ds

=
x

γ̄m

1

j2π

∫
C

[Γ(s)]2m

1− s

(
x

γ̄m

)−s

ds. (B.6)
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Using the relation 1− s = Γ(2− s)/Γ(1− s), we obtain

Fξm(x) =
x

γ̄m
G2m,1

1,2m+1

[
x

γ̄m

∣∣∣∣ 00, . . . , 0,−1

]

=G2m,1
1,2m+1

[
x

γ̄m

∣∣∣∣ 11, . . . , 1, 0
]
. (B.7)

APPENDIX C
SECOND-ORDER MOMENT OF THE

NUMBER OF TRANSMISSIONS

In this appendix, we derive the expression of the second-
order moment of the number of transmissions Tr per data
packet.

For a maximal number of rounds M , Tr is a discrete random
variable that takes values in {1, . . . ,m, . . . ,M}:

• Tr = 1, if the transmission of the data packet succeeds in
the first round. The probability of this event is denoted
by P (S1), whereas the probability of the complimentary
event (i.e., failure event after one HARQ round) is referred
to as P (F 1).

• Tr = m, if the transmission of the data packet fails in
the first m− 1 rounds, and we have success in the mth
round. The probability of this event is denoted by P (F 1,
. . . , Fm−1, Sm), while P (F 1, . . . , Fm−1, Fm) stands for
the probability of a transmission failure after m rounds.

• Tr = M , if the transmission of the data packet fails in the
first M − 1 rounds, and we have either success or failure
in the M th transmission round.

Hence, the second-order moment of the number of transmis-
sions per data packet reads as

E(T 2
r ) = 1P (S1) +

M−1∑
m=2

m2P (F 1, . . . , Fm−1, Sm)

+M2P (F 1, . . . , FM−1). (C.1)

Utilizing the following identities

P (S1) = 1− P (F 1) (C.2)
P (F 1, . . . , Fm−1, Sm)

= P (F 1, . . . , Fm−1)− P (F 1, . . . , Fm), (C.3)

we can simplify the of the expression of the second-order
moment of the number of transmissions as

E
(
T 2
r

)
=1− P (F 1)

+

M−1∑
m=2

m2
[
P (F 1, . . . , Fm−1)− P (F 1, . . . , Fm)

]
+M2P (F 1, . . . , FM−1)

= 1− P (F 1)−
M−1∑
m=2

m2P (F 1, . . . , Fm)

+

M−1∑
m=2

m2P (F 1, . . . , Fm−1)

+M2P (F 1, . . . , FM−1)

= 1−
M−1∑
m=1

m2P (F 1, . . . , Fm)

+

M∑
m=2

m2P (F 1, . . . , Fm−1)

= 1−
M−1∑
m=1

m2P (F 1, . . . , Fm)

+

M−1∑
m=1

(m+ 1)2P (F 1, . . . , Fm)

= 1 +

M−1∑
m=1

(
(m+ 1)2 −m2

)
P (F 1, . . . , Fm)

= 1 +

M−1∑
m=1

(2m+ 1)P (F 1, . . . , Fm). (C.4)
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