GEORGIA INSTITUTE OF TECHNOLOGY
SCHOOL of ELECTRICAL & COMPUTER ENGINEERING

FINAL EXAM
DATE: 29-Apr-13 COURSE: ECE 3084A (Prof. Michaels)
NAME: STUDENT +#:
LAST, FIRST

e Write your name on the front page ONLY. Do not unstaple the test. You should have an
additional sheet with Fourier transform tables on one side and Laplace transform tables on
the other.

e No calculators, laptops, phones, or other electronic devices allowed. Keep the tables clear of
all back backs, books, etc.

e Closed book. However, two pages (8%” x 11”) of HAND-WRITTEN notes permitted. OK to
write on both sides.

e Unless stated otherwise, justify your reasoning clearly to receive any partial credit.

e You must write your answer in the space provided on the exam paper itself. Only these
answers will be graded. Circle your answers, or write them in the boxes provided. If space is
needed for scratch work, use the backs of previous pages.

e The room is small for the number of students in this section. BE CAREFUL TO NOT
LET YOUR EYES WANDER. Any sort of communication with your fellow students
during this exam is strictly forbidden. Any attempt to read off of your neighbor’s exam will
result in unpleasant disciplinary action.

e Good luck!
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2 20
3 25
4 35
5 30
6 50

Total 200




Problem F.1:
Short problem assortment (5 pts each). The eight parts of this problem are unrelated to each other.
Make sure that your answers are simplified as much as possible unless stated otherwise.

(a) Evaluate and simplify the following expression:

t 3
x(t) :/ {ZT4_k5(T—2k)}dT:
% k=1

(b) Evaluate and simplify the following expression:

z(t) = %{tQ[u(t —2) —u(t+2)]} =

(c) Evaluate y(t) = z(t) * h(t) where z(t) = 6(t — 1) — 8(t — 3) and h(t) = e tu(t).

(d) Find X (jw), the Fourier transform of the signal z(t) = e *[u(t) — u(t — 2)]



1 k
-1
(e) Find z(t), the inverse Fourier transform of X (jw) = g ( ) 0(w — 27k /5).
k=—1

14+ jk

(f) Find X (s), the Laplace transform of x(t) = t* cos(5t)u(t). You do not need to simplify your
answer.

s+5

(g) Find z(t), the inverse Laplace transform of X(s) = 212555

(h) Consider the following differential equation with input (forcing function) z(¢) and output
y(t). Find the transfer function of the system described by this differential equation.

dy(t) | _dy(t) dz(t)
@ ToTg TAl=—g

—2x(t)



Problem F.2:

Consider the convolution of the following two signals, z(¢) and h(?):

2 2
x(7) h(?)
1 1
0 0
0 1 2 3 4 0 1 2 3 4

(a) (5 points) Write an equation for each of the above signals.

(b) (5 points) Plot x(7) and h(t — 7) on the graph below for an arbitrary value of t < 0. Plot
both signals on the same time axis. Clearly identify each function. Carefully label both axes
and all points of interest on h(t — 7).

(c) (10 points) Calculate y(t) = x(t) * h(t) and plot it on the graph below. Clearly label both
axes. Show all work for full credit.




Problem F.3:

Consider the circuit shown below with input current source i(t) and output current is(t):

i,(f) Y ix()
C —=——

o

(a) (5 pts) In the drawing below, insert the impedance of each circuit element into its correspond-
ing block.

Y 1,(s) Y I,(s)

1(s)

(b) (15 pts) Determine the transfer function of the circuit, H(s) = Iz(s)/I(s), by analyzing it in
the s-domain. Express H(s) as a ratio of polynomials.

(c) (5 pts) Let i(t) = Ipu(t). Use the Final Value Theorem to find the steady state output
current.



Problem F.4:
In this problem we consider the effect of windowing a signal in the time domain. Since most signals
are finite in length, some type of time domain windowing is usually unavoidable.

(a) (5 pts) Assume that z(t), the signal to be windowed, is a 4 Hz sinusoid; z(t) = cos(274t).
What is X (jw), the Fourier transform of the sinusoid z(¢)? Plot it on the graph below. Be
sure to label all amplitudes.

—16x —12x -8 —4r 0 4 87 127 167
w (1/8)

(b) (10 pts) Consider the rectangular window function, w(t) = u(t + 7/2) — u(t — T'/2). What
is W(jw), the Fourier transform of the window function? Accurately sketch its magnitude,
|W (jw)|, on the graph below for T' = 1s. Be sure to label all important amplitudes.

—16x —12z —87 —4r 0 4 87 127 16z
 (1/8)



(c) (5 pts) For any window function w(t), the windowed signal is y(t) = z(t)w(t). Express
Y (jw), the Fourier transform of y(¢), in terms of W (jw), the Fourier transform of w(t), for
x(t) = cos(2m4t).

(d) (10 pts) For z(t) = cos(274t), the windowed signal is y(t) = cos(2w4t)w(t). Find Y (jw) and
sketch its magnitude, |Y (jw)|, below. Be sure to label all important amplitudes.

—16x —12z —8r —4r 0 4 87 127 167
w (1/8)

(e) (5 pts) One goal of windowing a long signal is to use the shorter signal, y(t), to estimate the
frequency content of the longer signal, x(¢); that is, we want Y (jw) to approximate X (jw).
Would a window length of 7' = 2s do a better job of estimating X (jw) as compared to the
original window of 1s? Why or why not?



Problem F.5:

The two parts of this problem are unrelated.

(a) (5 pts each) Consider three LTI systems, all with second order transfer functions of the form

b082 + b1s + by
H(s)= —5————

s+ ais+ a

each system, and the three step responses shown below are measured (Systems #1, #2 and
#3). For each system select a transfer function from the six provided below that is consistent
with the measured step response. Put the letter (A-F) of the transfer function in the box to
the right of the step response.

(the coefficients are different for each system). A unit step is input to

1+ :
System #1
‘ ‘ : ‘ Transfer
0 i i ‘ ‘ Function
0 2 4 6 8 10
System#z
‘ Transfer
; Function
8 10
2 ‘
15+ B SyStem#3 o
1,,
05r/ Transfer
0 Function
0 2 4 6 8 10
Time (s)
2 16 16
A H(s$) = ——— B = C. Hs)= ———"-——
()= Fr 12 ()= F 1057 16 ()= F 5116
D. H(s) i E. H(s) 2 F. H(s) ol
. s) = s) = s) =
s24+s5+4 s2+s5+16 s2+3s+4



(b) (5 pts each) Let’s again consider three LTI systems, which may or may not be the same as the
- i : bos® + bis + b
ones in part (a), all with second order transfer functions of the form H(s) = %

52 4-a1s + az
(the coefficients are different for each system). The three frequency responses of the systems
are shown below (Systems #1, #2 and #3). For each system select a transfer function from
the six provided below that is consistent with the frequency response shown. Put the letter
(A-F) of the transfer function in the box to the right of the frequency response.

3 ‘
‘ ‘ ‘ System #1
2 e
1 -
Transfer
0 ‘ ‘ ‘ ‘ Function
0 2 4 6 8 10
6 ‘ ‘ ‘ 1
.System #2
i Transfer
‘ Function
8 10
Transfer
0 ‘ ‘ i ‘ Function
0 2 4 6 8 10
o (r/s)
32 16 1
AL HS) = ———— = = C. H = =
(5) 524+ 8s+ 16 (5) s24+ 5416 (5) s2+s+4
8s 8s2 52
D. H = E - F. H(s) =
(5) 52 4+ 8s+ 16 (5) 52 4+ 8s+ 16 (5) s24+s+4



Problem F.6:

Consider the feedback control system shown below for the following plant with two poles,

1

)= e

R(s) G.(s) G(5) > Y(s)

For parts (a), (b) and (c), use a proportional controller, G.(s) = K.

(a) (5 pts) Find the transfer function H(s) of the closed loop system in terms of K,. Express
your answer as a ratio of polynomials with all like terms combined.

(b) (10 pts) For K, =5, find the complete step response of the overall closed loop system. That
is, find y(t) for r(t) = u(t).

(c) (5 pts) What value of K, results in a critically damped system?

10



(d) (10 pts) Increasing K, from the value found in part (c) will (eventually) have which of the
following effects: (circle True of False for each statement):

The steady state error for tracking a step will increase | True | False
The system will begin to oscillate True | False

The damping ratio ¢ will increase True | False

The natural frequency w,, will increase True | False

The system will become unstable True | False

For parts (e) and (f), use a PI controller, G¢(s) = K, + K;/s.

(e) (10 pts) Find the transfer function H(s) of the closed loop system in terms of K, and Kj.
Express your answer as a ratio of polynomials with all like terms combined.

(f) (10 pts) Your H(s) of part (d) should have three poles. However, a PI controller only has
two parameters, so you cannot place all three poles arbitrarily. Suppose you specify that one
of the poles is at s = —2 and that the other two poles are repeated (i.e., both are at the same
unknown location). Find K, K;, and the unknown location of the repeated pole.

11
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Problem F.1:
Short problem assortment (5 pts each). The eight parts of this problem are unrelated to each other.
Make sure that your answers are simplified as much as possible unless stated otherwise.

{(a) Evaluate and simplify the following exp1essmn

= {3t z;g)}ch_ﬂf“r 1)+ By T8 Cr-6) ] d T

- f[%SCW~&\+\@5<W~%\+ ¢ st 1T

—D

Yo -2) e u (- T u - ~)

(b) Evaluate and simplify the following expression:
_2) ~utt+2)

o(t) = St - 2) — e+ 2))) = Llsu-2)- St J+2+{utt
_ 452 $SEkA2) w2 (Ul -2) - il +2) ]

(c) Evaluate y(t) = z(t) * h(t) wheré z(t) = 6(t —1) — 6(t — 3) and h(t) = e tu(t).

— — -5 (k-2)
3403 e okt \U»L'E"’ﬂ""" C ()L(Jt‘“\%’)

(d) Find X (jw), the Fourier transform of the 31gnal z(t) = e ult) —u(t — 2)]

X&) = e”tut:%) - uﬁtm’l,\€
| S22
A _ eterdt
XCOLQM L | W w—-ﬁg@
‘_e_am-ém\

iy

+ S



~ (D
(e) Find z(t), the inverse Fourier transform of X (jw) = Z T ik 8w — 27k /5).
] k=-1
2 aw 2 T e &9 0
\»%::,w } d : 'IT'E \ 2’\T“E
| TS - R W WA B
Z QW r KT \-rc'\)@ Tan \—C) C

(f) Find X(s), the Laplace transform of z(t) = #? cos(5t)u(t). You do not need to simplify your
answer.

2
{:%@ %’5 Wse YY\D&U&\GJ\W\Y\ é)vﬁ)p@cy er

R LS
Kls)= "::‘i‘[(s—v;\b‘)” (545)°
| \
- *35)3’ Y Ee)”

. . s+5
(g) Find z(t), the inverse Laplace transform of X(s) = 050 E

S+4656 B S+ | G
)= Gsey5y = (sayay YEmeu

-t R
Yl = C C/()S(Z*éw k) +2 C s () L)

(h) Consider the following differential equation with input (forcing function) z(¢) and output
y(t). Find the transfer function of the system described by this differential equation.

dy(t) | dy(t) ~ daft)
—a Yot =5~

(8" +5s +2)Y(5)=(s -QWM

6 B S S
N @ = S % 55+ 2-

— 2%(t)




Problem F.2:
Consider the convolution of the following two signals, z(¢) and h(t):

2 2
x(f) h(n
1 1
0 0
0 1 2 3 4 4] 1 2 3 4

(a) (5 points) Write an equation for each of the above signals.

~ () = £ L) - utk-2)7)
ok) = k1)

(b) (5 points) Plot =(r) and h(t — 7) on the graph below for an arbitrary value of ¢ < 0. Plot
both signals on the same time axis. Clearly identify each function. Carefully label both axes
and all points of interest on h(t — 7). '

2 -

\ /
Q) : T
+ -l t 0 \ z B Y

(c) (10 points) Calculate y(t) = z(t) * h(t) and plot it on the graph below. Clearly label both
axes. Show all work for full credit. '

! 7
A~

©

—\ O { 2. 2 Y

%(;ﬁ‘) =0 for 121
/\(/2 € -

%(;5\: Z\Ev( {>3 + —1 ({,01
for 14143, b%’\ = J//T&T:’ 2 A
0




Problem F.3:

Consider the circuit shown below with input current source ¢(¢) and output current iy(t):

i () f(t)
C

20 1) '

(a) (5 pts) In the drawing below, insert the impedance of each circuit element into its correspond-
ing block.

{16 1)
‘ 5L %“IZ;
1(s) 1) | |
k. R

(b) (15 pts) Determine the transfer function of the circuit, H(s) = I5(s)/I(s), by analyzing it in
the s-domain. Express H(s) as a ratio of polynomials.

Cowert ander

_ <)
__LZCS) - 1("8) 2\ +22 -

—

H(s)= 2T, m@ ~ sPlc+asec+ |

(c) (5 pts) Let i(t) = Ipu(t). Use the Final Value Theorem to find the steady state output
current.

o Lcs*t Res

lss = 300 STols) = O

5




Problem F.4:
In this problem we consider the effect of windowing a signal in the time domain. Since most signals
are finite in length, some type of time domain windowing is usually unavoidable.

(a) (5 pts) Assume that «(t), the signal to be windowed, is a 4 Hz sinusoid; ®(t) = cos(2m4t).
What is X (jw), the Fourier transform of the sinusoid z(t)? Plot it on the graph below. Be
sure to label all amplitudes.

XC{‘}w\ = T (-8 ) TS Qmw%'ﬂ

w T

1
-16m ~12x -8z —4r 0 4 8 127 167
o (1/s)

(b) (10 pts) Consider the rectangular window function, w(t) = u(t + T/2) — u(t —~ T/2). What
is W{jw), the Fourier transform of the window function? Accurately sketch its magnitude,
[W (jw)|, on the graph below for T’ = 1s. Be sure to label all important amplitudes.

LN L S (wT/2) _

\N (é} D)= | Dhdaihs Zene al 2T

160 —12% 8 —dr 0 it Sz 127 167




(c) (5 pts) For any window function w(t), the windowed signal is y(t) = z(t)w(t). Express
Y (jw), the Fourier transform of y(¢), in terms of W (jw), the Fourier transform of w(t), for
x(t) = cos(2mwdt).

(jc-ﬁ: W ) th@m,a;t\ Usso ‘(Y\/D&A»ieji»;v\ PP ef""ﬁ“\/
i - 2 WG ) + 2 Wltosgn))

(d) (10 pts) For z(t) = cos(2m4t), the windowed signal is y(t) = cos(274t)w(t). Find Y (jw) and
sketch its magnitude, |Y (jw)|, below. Be sure to label all important amplitudes.

\ [5m((w~%ﬂ/23 @%(@%ﬂﬁj

ng\ﬁ 2 | Twem/z v orem)

VY-
PN
™

A\
A \

. e L

~16r —12x -8 -4 0 Az 8 127 167
@ (1/s)

(e) (5 pts) One goal of windowing a long signal is to use the shorter signal, y(t), to estimate the
frequency content of the longer signal, 2(t); that is, we want Y (jw) to approximate X (jw).
Would a window length of T' = 2s do a better job of estimating X (jw) as compared to the
original window of 1s? Why or why not?

%Qﬁf(w%e sSinc ()Maeag il (Q(L%(QY\MC’KI

-~ - ) : I
Mtecfece ,€€§j ok o moce  "tmpulse- ke '



Problem F.5:
The two parts of this problem are unrelated.

(a) (5 pts each) Consider three LTT systems, all with second order transfer functions of the form
bos? +b b
H(S) — 0S5 + 18+ 2
§% 4+ 18 + as
each system, and the three step responses shown below are measured (Systems #1, #2 and
#3). For each system select a transfer function from the six provided below that is consistent
with the measured step response. Put the letter (A-F) of the transfer function in the box to
the right of the step response.

(the coefficients are different for each system). A unit step is input to

T T l T

1 : . - -
.3 5 f System #1 B
o5L /- ................ AAAAA ............... ;]
Transfer
0 t 1 1 i Function
0 2 4 6 8 10

0.4 T ! T T

e D
(/UA \ 6\ Transfer
Function

2 ! ! ! '
N System #3
O 4 A ............... . Transfer
' Function
8 10
Time (s)
2 16 16
A H(8)= ———— B. HS§)= ———— . - -
)= 271 ()= =105 16 CHG) = a e
s 2s 52
D. H(s)= —"> B H(s)=__%5 P OH(s) — 5
)= s 7a &)= FrsTe )= rad




(b) (5 pts each) Let’s again consider three LTI systems, which may or may not be the same as the
bgs? 4 b b
ones in part (a), all with second order transfer functions of the form H(s) = Bos” +his + 1y
2 +ays+ag
(the coefficients are different for each system). The three frequency responses of the systems
are shown below (Systems #1, #2 and #3). For each system select a transfer function from
the six provided below that is consistent with the frequency response shown. Put the letter
(A-F) of the transfer function in the box to the right of the frequency response.

3 T T T T
: : : ‘System #1

.............. -

Transfer
Function

6 ! '. f '

P

Transfer
Function

A

Transfer
Function
o (11s)
32 16 1
A. H = - B_ H = e————— C_ H —
() s>+ 8s+16 (s) 2+ s+ 16 (s) 524544
8s 852 32
D. Hs)= ——F"—— E H(s)= ——= F OH(s) = >
() s2+8s+16 (s) 524 8s+16 (s) $24+ 544




Problem F.6:

Consider the feedback control system shown below for the following plant with two poles,

1
G = e

+

R(s) G.(s) 1 Gy(s) > Y(s)

For parts (a), (b) and (c), use a proportional controller, G.(s) = K,

(a) (5 pts) Find the transfer function H(s) of the closed loop system in terms of K. Express
your answer as a ratio of polynomials with all like terms combined.

Le
His)=  Sh%s1? K,
| -+ e S%e 5t (T, )
+8st

(b) (10 pts) For I, = 5, find the complete step response of the overall closed loop system. That
is, find y(t) for r(¢) = u(t).

5 & . c, (-

s - — R

YCS}: 5(3&+<g3+~19\3 T S(SHAYSTh) S S4?T S+
= 5 & ) 5 =2

£y= T2 C2= Sizw)= ~ 3 ) 37 Loy T A%

S ot Lt
3@( D ubélm FTC  ubb)+ ,Zi e u(;é)

(c) (5 pts) What value of I, results in a critically damped system?

SERS ”‘”(‘:f"t’k@ = S%gsHle = (StH)
F1kp=

sl

10



(d) (10 pts) Increasing K, from the value found in part (c) will (eventually) have which of the
following effects: (circle True of False for each statement):

The steady state error for tracking a step will increase | True (Fals?

The system will begin to oscillate ’D‘ue/ False

The damping ratio ¢ will increase True @
The natural frequency w, will increase ue)| False

The system will become unstable True ?’gls-\e\

For parts (e) and (f), use a PI controller, G,(s) = K, + K;/s.

(e) (10 pts) Find the transfer function H(s) of the closed loop system in terms of K, and K )
Express your answer as a ratio of polynomials with all like terms combined.

Kestie otV
H()=  S(S Z+§’_§1:—KLW _ ¢ <
V5 1l T RS Kt stk

I SEnee P

(f) (10 pts) Your H(s) of part (e) should have three poles. However, a PI controller only has two
parameters, so you cannot place all three poles arbitrarily. Suppose you specify that one of
the poles is at s = —2 and that the other two poles are repeated (i.e., both are at the same
unknown location). Find K, K;, and the unknown location of the repeated pole.

Assume the unlenowon p&e 15 2t S=—q.
The denonmanator shownld ! 2 . e
( S+2YS)*= (S+2 Y5425+ 02) = 55 (213R)s "+ (Haxa )t

g&{MfE— cocl @(d evks! u . 20\9/
e L= A
adas¥  teriT V1% |

0=3 [ = 1219 - 2
Ko =2\

Fe = 14

)
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